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Chapter 1, The Continuous Bernoulli distribution 


1.The probability density function of Continuous Bernoulli 
distribution 


The Bernoulli distribution and parameter= p , 


fy (x; p)= p*(l- pp), x =0,1,0< p<, 
X is discrete random variable, 


Let X is continuous random variable and 4 is the parameter which replaces p. 
fy(sa)= CAA (l-Aay7* 05 x<10<A<1, 


fy (eu: A)=c(ay al; A) ax (1.1), 


c(a)= In(1 - 4- In(A) 


(1.1)= caf sis = 2C(A)=1,C(A)=2, 


’ 


(ii)A = 


wie 


Section 1, The Continuous Bernoulli distribution, 

X ~CB (A), this probability distribution for “machine learning”. 
(1)The probability density function, 

fel a)=C(A)a(l-ay" 0<x<10<A4<1, 


2tanh'(1-24) , 1 


AF 
c(A)= pts Z 
2,A = = 
2 
way be Pee | ii a wli<ax<l, 
2 |e eee ae te 


(2)The distribution function, 


x 1-x 
A‘(1-A) ele ee 


F, (x;A)= 22-1 20<x<l 


(3) The 4 is the shape parameter, 

Let X~Continous Bernoulli(/ ), the 4 is the shape parameter from the below 
diagram. The f(X|/ ) is the conditional probability density in A ,0< <1, but the 
E(X)=/ is the function of 1. 

The following diagram, let X2=X, X1=2, f(X2|X1)= f(X|2), 

the diagram is (X1=/, f(X2|X1)). 


HN Wiican 
ul l iat. a) 
0997512 
random vector (<2{X1) 
conditional pdf image 


The red area is the range of (X, 1). 


Section 2, The simulator of Continuous Bernoulli distribution, 


The inverse of F,.(x; A) 
log, (Fy (x;4)x(24-1)-(A-1))-log, (1-2) Geil 


lo (2 ) 
c= ee =A 


I 
F, (x;A4)A= 5 


The random number= RND = F, (x; 2) ~ Unifornd0,1), 


log,(RND x(24 -1)—(A-1))-log, (1 A) re 


l pe 
x simulated value = mee ; —2 ) 


RND,A mu 
ps 


(1)The simulated data generator, 
do 
{ 

getting RND, 

converting x simulated value, 


} 


(2)The probability distribution simulator, 
The probability distribution simulated database, 
do 100,000,000 times, 
{ 

getting RND, 

converting x simulated value and saving the database, 

} 

This frequency distribution is likely to the probability density function, the sample 
mean of database is closed to the population mean and the relative error is below 
1/10000. 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_01.exe, which can 


compute the simulated data of Continuous Bernoulli distribution. 


Section 3, The expectation and variance, 


cy B(x)=clayt-a)f.f 4) ax--—0.2) 


2 1-2A 
: oll ey: in tA) (in(2)=in( 2) | 


(iia = —(1.2)= [ xdx=0.5, 


1 eae 


A 1 1 

+ = if A# = 
ran 2tan'(1—2A) 2 
2 


- 
2 


mebanecaned ley sf 
m4 nf 4 


A 
- cals 7 5) pe) 


The estimated equation of E (x ) ; Var(X ) ; 


V(X ) is skewed coefficient and 7, (x ) is kurtosis coefficient. 


Continuous Bernoulli distribution computed EF (x ) ; Var(X ) A (x ) and 7, (x ) iS 


complexity, the estimated those moments using / is easy way. 
The Curvi-linear analysis(Taylor’s expansion and regression combined) getting the 
mathematical model and computing the coefficients, the result could be accurately. 


(1) E(X)=G,(A), A estimated E(X), 

The E (x ) estimated equation is G, (A), 

The 0.001 < 2 <0.999, 0.143853919< uw <0.856221427, 

The amount of paired data of (1, E(X )) is 999, A is setting value and E (x ) is 
computed by the simulator which has 100,000,000 data. 


X= 0.27939040.441311x 2, 

The estimated equation------ 

G,(A) =0.50005887293491469+ 
0.77359483065083623*(X-0.50004573071171143)*1+ 
-0.015152112930081785000000000000*(X-0.50004573071171143)*2+ 
-27.27900934219360400*(X-0.50004573071171143)*3+ 
10.36370790004730200*(X-0.50004573071171143)\4+ 
15822.38842773437500000*(X-0.50004573071171143)5+ 
-2817.42468261718750000*(X-0.50004573071171143)*6+ 
-3612752.6875*(X-0.50004573071171143)°7+ 
391281.72265625000000000*(X-0.50004573071171143)*8+ 
452401608.0000*(X-0.50004573071171143)49+ 
-31440996.2500*(X-0.50004573071171143)*10+ 
-33874673664.0000*(X-0.50004573071171143)*11+ 
1540792624.0000*(X-0.50004573071171143)4124+ 
1582581137408.0000*(X-0.50004573071171143)*13+ 
-466423 16288.0000*(X-0.50004573071171143)*144+ 
-46495537037312.0000*(X-0.50004573071171143)*15+ 
850124546048.0000*(X-0.50004573071171143)*16+ 
834533872107520.0000*(X-0.50004573071171143)*17+ 
-8542741594112.0000*(X-0.50004573071171143)*18+ 
-8357328558489600.0000*(X-0.50004573071171143)*194+ 
3633964253 1840.0000*(X-0.50004573071171143)*20+ 
3577583445 1083264.0000*(X-0.50004573071171143)*21 


ANOVA 
Source df SS MS 
Regression 21 16.7176990804 0.7960809086 
Error 977 0.0001969542 0.0000002016 
Total 998 16.7178960346 


HO0:slope1=....=slope21=0, test statistic=3948994. 157065, 
sample size=999, R2=0.999988, R2(adj)=0.999988, MSE=0.000000, 
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(A, E(X )) scatter diagram (A ,R=G,(2),B= E(X )) scatter diagram 


E(X) G2), E(X) 


0.85 0.85 


0.14 A 0.14 a 
0.001 0.999 0.001 0.999 


(2)Var(X)=G,(A), A estimated Var(X), 

The Var(X ) estimated equation is G, (A), 

The 0.001 < 2 <0.999, 0.019960243 < Var(X ) <0.083352472, 

The amount of paired data of (1, Var(X )) is 999, A is setting value and Var(X ) is 
computed by the simulator which has 100,000,000 data. 


X=K(X1)=0.073806+-0.000019 x A, 
The estimated equation ------ 
G, (A) =0.083298356117438743+ 


0.95 1844304800033570*(X-0.073795922003002973)*1+ 
-54413612.0*(X-0.073795922003002973)%2+ 

-2000674 16064.0*(X-0.073795922003002973)%3+ 
-50832134216811020000.0*(X-0.073795922003002973)%4+ 
72336669 158987 157000000.0*(X-0.073795922003002973)*5+ 
77584931605 11042700.0*(X-0.073795922003002973)*6+ 
-8240695055655714000000.0*(X-0.073795922003002973)47+ 
-60932245 1431830740.0*(X-0.073795922003002973)*8+ 
443071707403925570000.0*(X-0.073795922003002973)9+ 
27276456959807344.0*(X-0.073795922003002973)*10+ 
-13146338077859939000.0*(X-0.073795922003002973)4 11+ 
-739229493988584670000000000.0*(X-0.073795922003002973)4 12+ 
228088785609802220.0*(X-0.073795922003002973)413+ 
12339409252524324000000000.0*(X-0.073795922003002973)14+ 
-2305399768 199785500000000000.0*(X-0.073795922003002973)4 15+ 
- 12396287524 1096120000000.0*(X-0.073795922003002973)* 16+ 
12576265627 1838 18000000000.0*(X-0.073795922003002973)417+ 
687097336654666920000.0*(X-0.073795922003002973)*18+ 
-28621190224551843000000.0*(X-0.073795922003002973)419+ 
-1614141452456421600.0*(X-0.073795922003002973)%20 


ANOVA 
Source df SS MS 
Regression 20 0.1398193120 0.0069909656 
Error 978 0.0000154000 0.0000000157 
Total 998 0.1398347119 


HO0:slope1=....=slope20=0, test statistic=443972.489429, 
sample size=999, R2=0.999890, R2(adj)=0.999888, MSE=0.000000, 


(A ,Var(X)) scatter diagram (A ,R=G,(A),B=Var(X )) scatter diagram 


Var(X) G,(A),Var(X) 
0.083346277 0.083346277 


0.0199 


a 0.0199 
0.001 0.999 0.001 


(3)7,(X)=G,(A), A estimated y,(X), 

The y,(X) estimated equation is G,(2), 

The 0.001 < 2 <0.999, -1.7961485553< ,(X ) < 1.795827056, 

The amount of paired data of (2,7, (x )) is 999, A is setting value and y, (x ) is 
computed by the simulator which has 100,000,000 data. 


X=0.984739+4+-1.969753 x 2, 
The estimated equation ------ 
G, (A) =0.00015237181619909279+ 


0.72288572564741571000*(X--0.00013754206206167914)*1+ 
-0.07771367823443 142700*(X--0.00013754206206167914)42+ 
-1.4855569863 1025730000*(X--0.000 13754206206 1679 14)43+ 
3.236683273 105882 10000*(X--0.00013754206206167914)%4+ 

44 196912858053 11100000*(X--0.00013754206206167914)45+ 
-52.7421413976699 1100000*(X--0.00013754206206167914)6+ 
-514.3529218644835 1000000*(X--0.00013754206206167914)47+ 
441.66157603263855000000*(X--0.00013754206206167914)%8+ 
3275.48317032307390000000*(X--0.00013754206206167914)*9+ 
-2160.62375265359880000000*(X--0.00013754206206167914)*10+ 
-12449.11081837862700000000*(X--0.00013754206206167914)*11+ 
6596.01762938499450000000*(X--0.00013754206206167914)*12+ 
29480.76403 1872 15300000000*(X--0.00013754206206167914)*13+ 
-12939.83110857009900000000*(X--0.00013754206206167914)*14+ 
-43855.79631179571200000000*(X--0.00013754206206167914)*15+ 
16311.62740564346300000000*(X--0.00013754206206167914)*16+ 
39823.573 15185666 100000000*(X--0.00013754206206167914)*17+ 
-12768.25018835067700000000* (X--0.00013754206206167914)418+ 
-20163.34744052588900000000* (X--0.00013754206206167914)419+ 
5647.26117467880250000000*(X--0.00013754206206167914)*20+ 
4361.87453491799530000000*(X--0.00013754206206167914)421+ 
-1078.29322034120560000000*(X--0.00013754206206167914)422 
ANOVA 


Source df SS MS 
Regression py) 340.2086189293 15.4640281332 
Error 976 0.0059924144 0.0000061398 
Total 998 340.2146113437 


HO0:slope1=....=slope22=0, test statistic=25 18666.166276, 
sample size=999, R2=0.999982, R2(adj)=0.999982,MSE=0.000006, 
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(A,% (x )) scatter diagram (A ,R=G, (A) ,B=y, (x )) scatter diagram 
7(X) G;(2),4(X) 


1.7958 1.7958 


-1.7961 A -1.7961 A 
0.001 0.999 0.001 0.999 


(4) 7, (x)= G, (2), A estimated y, (Xx), 

The y,(X) estimated equation is G,(2), 

The 0.001 < 2 <0.999, 1.799857270< 7,(X )<7.0808074006, 

The amount of paired data of (1, 7, (x )) is 999, A is setting value and y, (x ) iS 
computed by the simulator which has 100,000,000 data. 


X=2.292589+0.000951x 2, 
The estimated equation ------ 
G,(A)=1.8082038890859193+ 


9.0944448420777917*(X-2.2930648773 143 13400)*1+ 
-5649327.2372012138000000*(X-2.2930648773 143 13400)42+ 
-2840484322.50*(X-2.2930648773 143 13400)43+ 
1454772784505248.00*(X-2.2930648773 143 13400)%4+ 
282173067709382660.00*(X-2.2930648773 143 13400)*5+ 
-93623181371148578000000.00*(X-2.2930648773 143 13400)*6+ 
-12843445897786422000000000.00*(X-2.2930648773 143 13400)47+ 
3054537716499 1993 .00*(X-2.2930648773 143 13400)*8+ 
3212971560766148400.00*(X-2.2930648773 143 13400)*9+ 

-5682 164267847958 10000000.00*(X-2.2930648773 143 13400)*10+ 
-48295690587336284000000000.00*(X-2.2930648773 14313400) 11+ 
63968562608824166.00*(X-2.2930648773 143 13400)*12+ 
4544885501268294000.00*(X-2.2930648773 143 13400)*13+ 
-443419149014227060000000.00*(X-2.2930648773 143 13400)*14+ 
-26959294213922125000000000.00*(X-2.2930648773 143 13400)*15+ 
18493181124335300.00*(X-2.2930648773 143 13400)*16+ 
9784671035 10877170.00*(X-2.2930648773 143 13400)17+ 
-42541301487946493000000.00* (X-2.2930648773 143 13400)*18+ 
-198336825 1414276600000000.00*(X-2.2930648773 143 13400)*19+ 
41463158348262657000000000000.00*(X-2.2930648773 143 13400)%20+ 
171952926997 11689.00*(X-2.2930648773 143 13400)%21 


ANOVA 
Source df SS MS 
Regression 21 553.4887357077 26.3566064623 
Error 977 0.4692730413 0.0004803204 
Total 998 553.9580087490 


HO0:slope1=....=slope21=0, test statistic=54872.967861, 
sample size=999, R2=0.999153, R2(adj)=0.999 135, MSE=0.000480, 
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(A,7,(X )) scatter diagram (A ,R=G,(A),B=7,(X )) scatter diagram 


r{X) G,(2),7(X) 


7.08 7.08 


4 1 A 
0.001 0.999 0.001 0.999 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_02.exe, which can 
compute the E(X ) ; Var(X ) “Vy (x ), > (x) and frequency table when Continuous 
Bernoulli distribution( 2 ). The simulated data amount=100,000,000, the sample mean, 
sample variance, sample skewed coefficient and sample kurtosis coefficient is closed 
to E (x ) ; Var(X ) MN (x ), y(X ) and the frequency distribution is similar to 


Continuous Bernoulli distribution (2 ). 


example 3-1, 2 =0.1, 


X1 pdf and df Coefficient 
1) neew distribution Mathematical Mean: 0.33015 
me Geometrical Mean : 0.20663 
Harmonic Mean : 0.01882 
Variance ‘ 0.06652 
S.D. : 0.25791 
Skewed Coef. 4 0.74382 
Kurtosis Coef. —: 2.58122 
0.001852 in MAD 7 0.21455 
atte Range : 1.00000 
Mid_range : 0.50000 
Median : 0.26754 
Ql : 0.11441 
Q2 ¢ 0.26754 
Q3 : 0.50003 
: TOR : 0.38562 
0.001852 0.998148 C.V. : 0.78118 


example 3-2, 4=0.2, 


X1 pdf and df Coefficient 


f0«t) neew distribution Mathematical Mean: 0.38814 


ba Geometrical Mean : 0.25589 
Harmonic Mean : 0.03197 
Variance ‘ 0.07595 
S.D. : 0.27558 
Skewed Coef. 0.47578 
Kurtosis Coef. — : 2.11516 
ty MAD : 0.23452 
dhe Range : 1.00000 
Mid_range : 0.50000 
Median : 0.33913 
Ql : 0.14981 
Q2 : 0.33913 
Q3 : 0.59652 
; IQR : 0.44671 


0.001852 0.998148 C.V. : 0.71000 
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example 3-3, A =0.3, 


X1 pdf and df Coefficient 
ft) new distribution Mathematical Mean: 0.43033 
1.4940 Geometrical Mean : 0.29538 
Harmonic Mean 0.03728 
Variance 0.08046 
S.D. 0.28365 
Skewed Coef. 0.29223 
Kurtosis Coef. 1.91812 
0.001852 Teas MAD 0.24399 
sal Oe Range 1.00000 
Mid_range 0.50000 
Median 0.39722 
Ql 0.18196 
Q2 0.39722 
Q3 0.66073 
: IOR 0.47877 
0.001852 0.998148 C.V. 0.65914 
example 3-4, 1 =0.4, 
X1 pdf and df Coefficient 
1041) new lstribution Mathematical Mean: 0.46633 
ms Geometrical Mean : 0.33176 
Harmonic Mean 0.03856 
Variance 0.08266 
S.D. 0.28751 
Skewed Coef. 0.14031 
Kurtosis Coef. 1.82714 
0.001852 Te MAD 0.24860 
lk Range 1.00000 
Mid_range 0.50000 
Median 0.44968 
Ql 0.21460 
Q2 0.44968 
Q3 0.70952 
. IQR 0.49492 
0.001852 0.998148 C.V. 0.61654 
example 3-5, 2 =0.5,J[E% Uniform(0,1) ° 
X1 pdf and df Coefficient 
1041) neew distribution Mathematical Mean: 0.50002 
ise Geometrical Mean : 0.36791 
Harmonic Mean 0.04653 
Variance 0.08334 
S.D. 0.28869 
Skewed Coef. -0.00004 
Kurtosis Coef. 1.79990 
0.001852 aati MAD 0.25002 
stick Range 1.00000 
Mid_range 0.50000 
Median 0.50002 
Ql 0.25001 
Q2 0.50002 
Q3 0.75001 
i IQR 0.50000 
0.001862 0.998148 C.V. 0.57735 
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example 3-6, A =0.6, 


X1 pdf and df Coefficient 
1041) new lstribution Mathematical Mean: 0.53377 
bic Geometrical Mean : 0.40612 
Harmonic Mean 0.06289 
Variance 0.08267 
S.D. 0.28752 
Skewed Coef. -0.14060 
Kurtosis Coef. 1.82720 
0.001852 Rese MAD 0.24861 
li Range 1.00000 
Mid_range 0.50000 
Median 0.55043 
Ql 0.29050 
Q2 0.55043 
Q3 0.78554 
: IQR 0.49504 
0.001852 0.998148 C.V. 0.53867 
example 3-7, 1 =0.7, 
X1 pdf and df Coefficient 
1041) neve lstribution Mathematical Mean: 0.56986 
bei i Geometrical Mean : 0.44932 
Harmonic Mean 0.08201 
Variance 0.08044 
S.D. 0.28362 
Skewed Coef. -0.29288 
Kurtosis Coef. 1.91890 
0.001852 0.998148 MAD 0.24395 
ince (ee Range 1.00000 
Mid_range 0.50000 
Median 0.60297 
Ql 0.33959 
Q2 0.60297 
Q3 0.81822 
: IQR 0.47863 
0.001852 0.998148 C.V. 0.49770 
example 3-8, 1 =0.8, 
X1 pdf and df Coefficient 
fo4t) new alstribution Mathematical Mean: 0.61200 
mana i Geometrical Mean : 0.50263 
Harmonic Mean 0.09574 
Variance 0.07590 
S.D. 0.27551 
Skewed Coef. -0.47608 
Kurtosis Coef. 2.11563 
0.001852 aati MAD 0.23446 
sal Range 1.00000 
Mid_range 0.50000 
Median 0.66100 
Ql 0.40365 
Q2 0.66100 
Q3 0.85024 
; IQR 0.44659 
0.001852 0.998148 C.V. 0.45018 
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example 3-9, 4 =0.9, 


X1 pdf and df Coefficient 
fot) new alstribution Mathematical Mean: 0.66987 
ee Geometrical Mean : 0.58009 
Harmonic Mean 0.14364 
Variance 0.06651 
S.D. 0.25790 
Skewed Coef. -0.74372 
Kurtosis Coef. 2.58089 
0.001852 Tose MAD 0.21455 
li Range 1.00000 
Mid_range 0.50000 
Median 0.73250 
Ql 0.49996 
Q2 0.73250 
Q3 0.88561 
: IQR 0.38565 
0.001852 0.998148 C.V. 0.38499 
example 3-10, 2 =0.99, 
X1 pdf and df Coefficient 
‘eh cee Mathematical Mean: 0.79258 
ea i Geometrical Mean : 0.75294 
Harmonic Mean 0.51282 
Variance 0.03707 
S.D. 0.19253 
Skewed Coef. -1.41514 
Kurtosis Coef. 4.82773 
0.001853 pasta MAD 0.14894 
oy Range 1.00000 
ee Mid_range 0.50000 
Median 0.85137 
Ql 0.70480 
Q2 0.85137 
Q3 0.93816 
IQR 0.23336 
1 C.V. 0.24292 
0.001853 0.998148 
example 3-11, 2 =0.001, 
X1 pdf and df Coefficient 
“i ve en Mathematical Mean: 0.14384 
Geometrical Mean : 0.08110 
Harmonic Mean 0.00953 
Variance 0.01999 
S.D. 0.14138 
Skewed Coef. 1.79668 
Kurtosis Coef. 7.08231 
0.001852 Tashi 42 MAD 0. 10543 
Or hi Range 0.99999 
Mid_range 0.50000 
Median 0.10020 
Ql 0.04161 
Q2 0.10020 
Q3 0.20031 
; IQR 0.15870 
0.001852 0.998142 C.V. 0.98292 
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Chapter 2, The sufficient statistic of Continuous Bernoulli 
distribution 


The sufficient statistic of parameter is bassis on the parameter point estimator and the 
test statistic and confidence interval statistic. 
Ce. Cerne, Or CB(A), there are n independent random variables and same 


Continuous Bernoulli distribution (7 ). 


Section 1, The sufficient statistic of 1, 


(1)The likelihood function of 1, 
tid 
X,,X,,..,X, ~CB(A), 


Fey xsno, Metre yiA)= | [fe s4)= (Cay at O-ayre", 


i=l 


(2) The sufficient statistic of 2, 


xj 


Pay ssn irkave tid) = (LAC AL) 


Let T= DX, O<x, Ty <1, Sy, <t and min(0,t — <5 Xs 


i=l i=l i=l 


f,(t;A) yale: EI K(ai A) A (1-A)"dx,dx,...dx,, 


; 
a 


=! 
I [ | (CQ) 40-4)" dx dx,...dx, 


(1-a)etayy wa 


Prep oxj...X,|=1 ieee 


_ 1 
- } } | Idx,dx,...dx,, , 


is independent with 1, 


n 


X, is the sufficient statistic of A ,(Fisher-Neymana factorization theorem). 


i=l 


Section 2, The sampling distribution of >» X, is Continuous Binomial(n, / ), 
i=l 


tid 
Kagiky stan) X,, ~ Continuous Bernoulli(/ ), 


1.The X =X,+X,+....4+X,, pdf, 

(1) n=2, 

The probability density function, 

fx (asAn)=CA)A (1-AY" 0S x, <10<4<1, 


Fie, (03 Asn) = C(AA? (I-A OS x, <10<A<1, 


X ,,X, are independent random variables, 
Fixx, (isa, ; An) = Fr, (x, An) f y, (x, :A,n) 
=(C(A) FAP (aay? 0 a4, 50S a, <1, 
trx,x (x,,x/4,n) 7 fx.x, (4, FX Xy :A.n), 

2 ax ar O(X,,X,) Olx,,x 
=(C(a)y a(l-ay™ x west) ped =, 
X=X,+X,0<x, =x-x, <1, 
max(0,x—1)< x, < min(1,x),0 <x <2, 

O<x, <x ifO0<x<l, 
as <1 ifl<x<2, 


min(1, x) 


Felosdan)= [20 (Capa aya 
fe (0sA.n)=(C(2) 
) 


fxs An)=(CA 


( 
fxQcA,n)= He 


) 
Pa-ay" [de if 0< x <1, 
Aa-ayr fo ide, if sx <2, 
(A)Pxa(l-ay* if O0<x<1 
CA (2-x)w-ay* if1<x<2 
for example, 2 = 7 


(s-an)=| 


x if0<x<l 
2-x iflsx<2 


17 


(1) A=0.1n=2, X =X,+X,+....+X,, 


f(x), F(x) Coefficient 
ng new.sfetbuion Mathematical Mean: 0.66038 
bees Geometrical Mean : 0.54178 
Harmonic Mean : 0.38075 
Variance : 0.13309 
S.D. : 0.36481 
Skewed Coef. 0.52557 
Kurtosis Coef. — : 2.78969 
0.003859 Taoses0 MAD : 0.29911 
ale Range : 1.99819 
Mid_range : 0.99925 
Median : 0.62012 
Ql : 0.37209 
Q2 ; 0.62012 
Q3 : 0.90821 
; IQR : 0.53612 
0.003859 1.994650 C.V. 2 0.55243 
(2)n=3, 


(clayy a (i-a)ifo<x<l 


Falocan)= (cay 28 Ie_ gua iptsx<2 


(c(a)) Gos y (ay faexs3 


A=0.1,n=3,X =X,+X,+...+X, 


f(x), F(x) Coefficient 


fo) new distribution 


Mathematical Mean: 0.99053 
badd Geometrical Mean : 0.87677 
Harmonic Mean : 0.73594 
Variance : 0.19966 
S.D. : 0.44683 
Skewed Coef. 4 0.42949 
Kurtosis Coef. — : 2.86040 
4 MAD : 0.36187 


0.007223 2.971408 


cal Range : 2.97520 
Mid_range : 1.48932 

Median : 0.95720 

Ql ; 0.65421 

Q2 : 0.95720 

Q3 : 1.28357 

‘ IQR : 0.62936 


0.007223 2.971408 CV. : 0.45110 
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(3)n=4, 


6 


(cay EB" Hee 12844) aqeayh picx<? 


fx (x;A,n)= 


3 2 
(ayy (3x? —24x? + 60x-44 


: dart A)" if2<x<3 


: x (l-a)* if O0<x<1 


(c(a)) (4 = A(l-A)" if 3<x<4 


f(x), F(x) Coefficient 
me ~ ewicietmuteny Mathematical Mean: 1.32053 
Geometrical Mean : 1.20985 
Harmonic Mean : 1.08000 
Variance : 0.26608 
S.D. : 0.51583 
Skewed Coef. : 0.37208 
Fas Kurtosis Coef. —: 2.89474 
0.016511 aas1922 MAD : 0.41595 
ale Range : 3.92936 
Mid_range : 1.97392 
Median : 1.28631 
Ql : 0.94296 
Q2 : 1.28631 
Q3 : 1.65965 
" IQR : 0.71668 
0.016511 3.931322 C.V. sa 0.39062 
(4n=5, 
4 
(c(a))’ sa? (i-ay" if 0<x<1 
4 3 2 
(c(a))° C4! #208 — +20%-3)_ yada) fiexe? 
4 3 2 
fe (an)=H(c(ayy (6x4 — 60x + ae =330x +155) 5. ee Ween 
4 3 2 
c(ayy (—4x* + 60x == +780x~655) ,. Gay gases 
4 
(cay Satay pases 


new distribution 


Mathematical Mean: 1.65072 

2 Geometrical Mean : 1.54198 
Harmonic Mean 4 1.41864 
Variance : 0.33267 
S.D. : 0.57677 
Skewed Coef. : 0.33307 
Kurtosis Coef. — : 2.91623 

; 1 MAD : 0.46410 
od) Range : 4.75698 

1 Mid_range : 2.40601 
Median : 1.61668 
Ql ; 1.23424 
Q2 : 1.61668 
Q3 : 2.03011 
IQR : 0.79587 
CV. : 0.34941 


J 
0.036332 4.775689 


f(x), F(x) Coefficient 
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X ~ Continuous Binomial distribution(Z ), 


iid 
XX)... X, ~Uniform( a =0,2 =1), 
A =X, tA Aa tX h(x) is irwin-hall distribution and parameter n. 


The pdf of Continuous Binomial distribution(/ ) is 


fy (xs A,n)=W(x(C(A)Y' A (1-A)""* 05 x<n0<A<1. 


and X Sx Normal ex =x, jar x -¥x,}} 


i=l i=l i=l 
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Section 3, The simulator of > X,, 


i=l 
The Continuous Bernoulli simulated data x(RND,/A) when random number= RND 


and parameter is 1, 


log, (RND x (24 -1)—(A-1))—log, (1-2) aul 
male ae 
x(RND, A) = "a Ty 


RND,A=+ 
2 


(1)The simulation process, 
(i) Getting random number, RND,,RND,,.....RND,, are independently, 
(ii) x,(RND,,A),x,(RND,,A),...., x,(RND, A) 


(iii) x, =). x,(RND,,A), j=1,2,......100000000, 
i=l 
Repeat (i)~(i1) 100000000 times, the database of simulated data will be gotten. 
This database can convert frequency distribution and E(X), Var(X),7,(X),7(X), 


This database is approached to Continuous Binomial distribution( J ). 


(1)n=2, A =0.1,W24= X,4+.X, +... +X,, 


f(w24), F(w24) Coefficient 
PF ies ere Mathematical Mean: 0.66035 
Geometrical Mean : 0.54183 
Harmonic Mean : 0.38106 
Variance : 0.13306 
S.D. : 0.36478 
Skewed Coef. : 0.52586 
Kurtosis Coef. — : 2.79028 
0.003792 1 saat MAD : 0.29908 
sale Range : 1.99976 
Mid_range : 0.99997 
Median : 0.62011 
Ql : 0.37209 
Q2 : 0.62011 
Q3 : 0.90807 
= IQR : 0.53598 
0.003792 1.996142 C.V. : 0.55240 
(2)n=3, A =0.1,W24= X,+X,4+...4+X,, 
f(w24), F(w24) Coefficient 
‘dis iene Mathematical Mean: 0.99087 
il Geometrical Mean : 0.87710 
Harmonic Mean : 0.73638 
Variance 0.19978 
S.D. : 0.44696 
Skewed Coef. : 0.42939 
Kurtosis Coef. — : 2.85937 
0.007992 Taoa768 MAD : 0.36198 
dealer Range : 2.97278 
Mid_range : 1.48888 
Median : 0.95754 
Ql : 0.65442 
Q2 : 0.95754 
Q3 : 1.28397 
IQR : 0.62955 
0.007992 Saaiee C.V. : 0.45108 
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(3)n=4, 2 =0.1,W24= X, + X,4+...+X,, 


f(w24), F(w24) Coefficient 
head et eae Mathematical Mean: 1.32058 
viel Geometrical Mean : 1.20983 
Harmonic Mean 1.07988 
Variance 0.26622 
S.D. 0.51597 
Skewed Coef. 0.37193 
Kurtosis Coef. 2.89496 
0.028034 te MAD 0.41608 
wis waa) Range 3.86326 
Mid_range 1.95251 
Median 1.28629 
Ql 0.94276 
Q2 1.28629 
Q3 1.65998 
IQR 0.71722 
wat CV. 0.39071 
0.028034 3.876989 
(4)n=5, 2 =0.1,W24= X,4+.X,+...4X,, 
f(w24), Fow24) Coefficient 
wer now cletabution Mathematical Mean: 1.65079 
ade Geometrical Mean : 1.54207 
Harmonic Mean 1.41874 
Variance 0.33261 
S.D. 0.57672 
Skewed Coef. 0.33301 
Kurtosis Coef. 2.91701 
0.052896 Toren MAD 0.46402 
FOW24) Range 4.64033 
ca | Mid_range 2.36447 
Median 1.61687 
Ql 1.23445 
Q2 1.61687 
Q3 2.03022 
IQR 0.79577 
waa CV. 0.34936 
0.052896 4.676044 
(5)n=30, 2 =0.1,W24= X,4+ X,+....+X,, 
f(w24), F(0w24) Coefficient 
rr fee Mathematical Mean: 9.90661 
sad Geometrical Mean : 9.80458 
Harmonic Mean 9.70068 
Variance 1.99611 
S.D. 1.41284 
Skewed Coef. 0.13588 
Kurtosis Coef. 2.98513 
3.803481 caerenas MAD 1 ij 12887 
seal Range 14.26745 
Mid_range 10.91078 
Median 9.87436 
Ql 8.93257 
Q2 9.87436 
Q3 10.84534 
IQR 1.91278 
3.803481 nie CV. 0.14262 
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(6)n=100, A =0.1,W24= X,+ X,+...4+X,, 


f(w24), F(w24) 


Coefficient 


f(w24) new distribution 


Mathematical Mean: 33.02027 
ee Geometrical Mean : 32.91910 
Harmonic Mean 32.81740 
Variance 6.65598 
S.D. 2.57992 
Skewed Coef. 0.07459 
Kurtosis Coef. 2.99595 
20.327951 77 964068 MAD 2.05937 
Pale Range 27.15750 
Mid_range 33.85641 
Median 32.98780 
Ql 31.25982 
Q2 32.98780 
Q3 34.74515 
IQR 3.48533 
20.327951 rene CV. 0.07813 
(7)n=1,000, 4 =0.1,W24=X,+X,+...+X,, 
f(w24), Fow24) Coefficient 
i, New dleatbuon Mathematical Mean: 330.20226 
ae Geometrical Mean : 330.10147 
Harmonic Mean 330.00063 
Variance 66.53806 
S.D. 8.15709 
Skewed Coef. 0.02381 
Kurtosis Coef. 2.99953 
288.935914 Se iets MAD 6.50920 
alee Range 84.48889 
Mid_range 331.02390 
Median 330.16686 
Ql 324.67916 
Q2 330.16686 
Q3 335.68862 
si IQR 11.00946 
288.935914 373.111878 C.V. 0.02470 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_03.exe, which can 


compute the sample mean (X = 


ear 


+X 


n 


Continuous Bernoulli distribution. 
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“sampling distribution of 


Section 4, >. X, > Normal E yx, Var yx, : 
i=l i=l 


i=l 


>, X, , the simulator and transformation can get 
i=l 


f(X2|X1=2), O0<A<1, the simulated data number=1,000,000,000. 
The diagram is (X1=/, f(X2|X1)). 
n=2, n=3, 


Fandom vector (21) 


ae neo “cB(A) m2) 


andar vector 0C201) 


conditional pdf image conditional pet image 


12941) focaper 


9.997512 0.997512 


random vector (C2061) random vector 0.2041) 
random vector 0<2P¢1) range map conditions! pdrimage random vector (€2}Xt) range map conditonal pdt image 
Red area is the conditional pdf s great than 0 Reed ates is the conditional pat is great nan 0 
Biack area is the conditional pdf is eqal 0 Black area is the conditional pdf is eqal 0 


n=4, n=5, 


random vector (C291) random vector (¢2)x1) 


conditional pdf image conditional pdfiemage 


spe2peny (201) 


4.975149 


0.997512 O.pe7512 


aan wel random vector 0C2p«t) 


pet 
random vector (C201) range map conditional pf image 
Red areas the conditional pet is great than 0 
Black area is the conditional pa is egal 0 


random vector 0)x1) range map conditonal pa image 
Red area is the conditional pafis great than 0 
Black area is the condisonal pafis egat 0 


sD 


n=6, n=7, 


random vector (C2)x1) random vector (<2p¢1) 
conditional pat image conditional pet image 


fe2per) 


0.09205 aaa 
bd oaa75t2 
o p007ee oa: 


oga75t2 


random vector (X2/x1) random vector 002941) 
randam vector (2/1) range map conditional pdf image 


Rad area is 


random vector (C2)X1) range map conditional pof image 
Red area is the conditional pdfis great than 0 
Black area js the conditional pdf ts eqal 0 ioeK ores fa Wet ener Pio. 08k 


y 4 7 4 
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conditional pat is great than 0 


n=8, 
random wector (C21) 
conditional pdf image 


O9975t2 


random vector (2)K1) 
fandom vector OC2)X1) range map conaitional pdf image 
Red area is the conditional pdfis great than 0 
Black area Is the conditional pdf is eqal 0 


n=20, 


randam vector O2p¢1) 
conditional pa image 


foczpet) 


oss7512 


random vector (<2)X1) 
random vector (X2)X1) range map conditional pe image 
Red area is the conditional pafis great than 0 
Biack area is the conditional pat is egal 0 


n=100, 


random vector (X2)X1) 
conditional pdf image 


speapen) 


0.997512 


random vector (C2p1) 
random vector (X2/<1) range map conditional pdfimage 
Red ares is the conditional pais great than 0 
the conditional pais eqal 0 


n=10, 


random vector (2/1) 
canditional per image 


eQper) 


orang 


0997512 


random vector (C2pC1) 
random vector (X2¢1) range map conditional pat image 
Rad ares is the conditional paf is great than 0 


Black area is the conditional pf is egal 0 


n=30, 


random vector (2[x1) 
conditional pat image 


0997512 


random vector C201) 
random vector Qc2)1) range map conditional paf image 
Red atea is the conditional pdfs great than 0 
Black area is the conditonal pdfs eqal 0 


n= 500, 


random vector 0C2)x1) 
condibonal pdf image 


ogarsta 


random vector GC2R1) 
random vector (<2)x1) range map conditional pat image 
Red area is the conditional pat is 
Black area Is the conditional pdt is eqal 0 


The red area is the range of (>) X, A). 
1 


The 42 in De X, which is changed to the shape parameter to the location parameter 
1 


iid 


when n is very large. When X,, X,,...,X,, ~ CB(A) and n is very large (n 2500) , 


n 


SX, ——> Normal E yx, ,Var 
1 1 
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Chapter 3, The 4 point estimator of Continuous Bernoulli 
distribution 


lid 
PCa. Gree. hace: CB(A), nrandom samples come from the Continuous Bernoulli 
distribution (A). 


Section 1, UMVU(Uniformly minimum variance unbiased), 


fx, |= DAK, )=nu, E ere =U, 


A 

+ = oe 
24-1 2tan*(1-22) 2 
1 ie 
art if JZ=— 
5 if 


2 
Let U (x) is the functionof 2 and E (a (x})= A, but U (x) cannot be found. 
The 2 of UMVUE is not existed. 


u=E(X)= 


Section 2, Maximum likelihood estimator, 
Hl Sc peace (ays, 


InL{A|x,,x, or x, )= nin(C Ds xIn(A )+{n Sx uot A), 


dinL(Alx,,x, bias x, ) nc'(A) 2% n—>'%, 


— +4 i=1 =0, 
dA CA) aA 1-A 
ig na iy 
no Beem ake) 
C(A) Ax(l-a) 7 on Ax(l-a) CA)’ 
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Section 3, The 1 point estimator using sufficient statistic and estimated 
equation, 

From chapter 2 and section 3, the w and A isonetoone, E (x) can be computed 
using Monte Carlo method and the relative error below 1/10000. This is a way to find 
the MLE of / but using the software program and numerical analysis. It is the 
remedy method to construct the function of 4 using yw, the analytics process is 
below, 

(L)A=¢' (uw) E(X)= 4, the 2 estimated equation of yz, 

The A estimated mw using curvi-linear model (Taylor’s expansion and regression 
analysis) and mw is computed by the simulator in 4 specific range (appendix 2). 
The 0.001 < 2 <0.999, 0.143853919< uw <0.856221427, 

(i)(/A, 4“) scatter diagram, (ii) (A, Redis yw estimated, Blue is yw), 


ft estimated. 


0.99 0.99 


0.001 


va 
014 0.856221 9.9319 
0.14 


a 
0.856221 


(2)A=¢'(u), ¢ (u) estimated equation, 
The estimated equation, 
X= -0.59669842.193196x uw, 


A =0.49997386580423608+ 1.36802409685464270*(X-0.5056)4 1+ 
-0.000924747670069336890*(X-0.5056)*2+-2.73607823707760640*(X-0.5056)43+ 
0.095 109043642878532*(X-0.5056)%4+5.7483773675921839*(X-0.5056)*5+ 
-1.8419988453388214*(X-0.5056)6+-12.357242575206328*(X-0.5056)*7+ 
16.361405849456787*(X-0.5056)*8+26.41792850010097*(X-0.5056)%9+ 
-80.02126121520996*(X-0.5056)*10+-48.62 1550429612398 *(X-0.5056)* 11+ 
228.76872253417969*(X-0.5056)*12+64.702439151704311*(X-0.5056)*13+ 
-380.75874328613281*(X-0.5056)* 144-5 1.895506033673882*(X-0.5056)*15+ 
341.66360473632812*(X-0.5056)*16+18.360968290828 168*(X-0.5056)*17+ 
-127.70810317993164*(X-0.5056)* 18, 


ANOVA 
Source df SS MS 
Regression 18 83.0834922851 4.6157495714 
Error 980 0.0000077149 0.0000000079 
Total 998 83.0835000000 


HO0:slope1=....=slope18=0, test statistic=586328245.808614, p value=0.000000, 
sample size=999, R2=1.000000, R2(adj)=1.000000, MSE=0.000000, 


The R2—1 and MSE=0, d'( ) is not error when ¢ (12) converting 4. 
o( ) estimated equation is d'( ), the MLE of 42 which estimated equation 


is A=4(x)=¢"(x). 
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(3) A= d(x) d(x) is A MLE estimated equation, 


bs Var(X ) 


X = +6,E(e)=0,E(e’) ——>,é 0. 


The 2=¢' (1), (X —2) —>¢"(X), 4 MLE=4(X)=¢"(x). 


d(x) hqw asymptotic unbiased, E ((x))# A, but E (a(x = , the estimated 


noo 


error is very small can be seen as 0. 
But /4=0.5, E(x )= A=0.5, the 2 MLE=¥X is unbiased estimator if 4 =0.5. 


(4)The limitation of estimated equation, a(x), 
0.143853919< X <0.856221427, the 1=¢(X) could be reasonable number which is 
0.001 < A <0.999. 
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Section 4, The simulator of A= d(x) sampling distribution, 


(1)The simulation process, 
(i) Getting random number, RND,,RND,,....,RND,, are independently, 
(ii) x,(RND,,A),x,(RND,,A),...., x,(RND,,A) 


(iii) A, = g| =|, j=1.2.......,100000000, ¢( ) is estimated function. 


Repeat (i)~(i1) 100000000 times, the database of simulated data will be gotten. 
This database can convert frequency distribution and E(A), Var(A), Y (1), Vi (1), 
This database is approached to Continuous Binomial distribution( J ). 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_04.exe, which can 


compute the A= a(x) sampling distribution of Continuous Bernoulli distribution. 
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Section 5, A being the consistent point estimator, 


The simulator data to verified E (6(x >a and Var(9(x)) closing to 0. 


(é-2)) 


(5-1) The sampling distribution A= d(x) 


E(i) >a and Var(iJ) +0 and Var(A) eres 


The simulated data number of each time is 100,000,000. 


(5-1), 


tid 
X,,X,,...X, ~ CB(A), 4 =0.1, E(X)= 0.33015, sigma(X)= 0.25791, Var(X)= 0.06652, 


sample size E(A) Var\A) Bi = ay) Var(x) 
n=10 0.1370130162 | 0.0172280181 | 0.0185979815 _ | 0.006552 
n=20 0.1195725332 | 0.0077028605 | 0.0080859445 0.003326 
n=40 0.1100317818 | 0.0034962175 | 0.0035968541 0.001663 
n=70 0.1057841817 | 0.0018941683 | 0.0019276250 _ | 0.000950 
n=100 0.1040493104 | 0.0012945459 | 0.0013109428 0.0006652 
n=150 0.1027003427 | 0.0008468626 | 0.0008541544 | 0.0004435 
n=500 0.1007918487 | 0.0002466378 | 0.0002472648 0.00013304 
n=5000 0.100050906 | 0.0000244040 | 0.0000244066 0.000013304 
A =0.1, the sampling distribution of A= a(x), 
(5-1-1)n=10, A=0.1, 
f(L1),F(L1),L1= i= Ax Coefficinet 
7 noe Sense Mathematical Mean: 0.13701 
he Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.01723 
S.D. 0.13126 
Skewed Coef. 1.65015 
Kurtosis Coef. 6.10894 
0.001837 ais MAD 0.09930 
“4 Range 0.99199 
Mid_range 0.49599 
Median 0.09554 
Ql 0.04110 
Q2 0.09554 
Q3 0.19140 
IQR 0.15030 
0.001837 ear CV. 0.95798 
(5-1-2) n=20, 4=0.1, 
f(L1),F(L1),L1= f= a(x) ; Coefficinet 
ity bewcclettauton Mathematical Mean: 0.11957 
ira Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.00770 
S.D. 0.08777 
Skewed Coef. 1.44830 
Kurtosis Coef. 5.79970 
0.001704 aoia7a6 MAD 0.06706 
1) Range 0.92041 
“ Mid_range 0.46021 
Median 0.09779 
Ql 0.05523 
Q2 0.09779 
Q3 0.16103 
TOR 0.10580 
0.001704 Tain CV. 0.73400 
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(5-1-3) n=70, 4 =0.1, 


f(L1),F(L1),L1= =9(X), 


Coefficinet 


iy nee eeer eee Mathematical Mean: 0.10578 
ee le Geometrical Mean : 0.09715 
Harmonic Mean 0.08849 
Variance 0.00189 
S.D. 0.04352 
Skewed Coef. 0.89480 
Kurtosis Coef. 4.20560 
0.005298 scene MAD 0.03411 
cole Range 0.55601 
Mid_range 0.28227 
Median 0.09936 
Ql 0.07414 
Q2 0.09936 
Q3 0.13050 
r IQR 0.05635 
0.005298 0.559249 C.V. 0.41 142 
(5-1-4) n=100, 2=0.1, 
f(L1),F(L1),L1=A4 = ox ) : Coefficinet 
a Hew eletbuton Mathematical Mean: 0.10405 
de bi Geometrical Mean : 0.09799 
Harmonic Mean 0.09193 
Variance 0.00129 
S.D. 0.03598 
Skewed Coef. 0.75937 
Kurtosis Coef. 3.87646 
0.010835 mata MAD 0.02834 
eal Range 0.43211 
Mid_range 0.22609 
Median 0.09953 
Ql 0.07804 
Q2 0.09953 
Q3 0.12517 
IQR 0.04712 
0.010835 mie CV. 0.34580 
(5-1-5) n=150, 2=0.1, 
f(L1),F(L1),L1=A = ox ) ; Coefficinet 
‘ald renee Mathematical Mean: 0.10270 
veye Geometrical Mean : 0.09865 
Harmonic Mean 0.09460 
Variance 0.00085 
S.D. 0.02910 
Skewed Coef. 0.62631 
Kurtosis Coef. 3.59876 
0.015756 acre MAD 0.02301 
Pn bi Range 0.32458 
Mid_range 0.17745 
Median 0.09968 
Ql 0.08182 
Q2 0.09968 
Q3 0.12030 
IQR 0.03847 
0.015756 saaias CY. 0.28336 
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(5-1-6) n=500, 2 =0. f 


f(L1),F(L1),L1=A = ol x), Coefficinet 
i nem tienteae Mathematical Mean: 0.10079 
Ee Geometrical Mean : 0.09958 
Harmonic Mean 0.09836 
Variance 0.00025 
S.D. 0.01570 
Skewed Coef. 0.34669 
Kurtosis Coef. 3.18418 
0.036122 T07ra04 MAD 0.01250 
‘i (hie Range 0.17242 
Mid_range 0.12201 
Median 0.09989 
Ql 0.08976 
Q2 0.09989 
Q3 0.11083 
IQR 0.02107 
0.036122 saa ebl CV. 0.15581 
(5-1-7) n=5000, A 7 a] 
f(L1),F(L1),L1=A = ox Coefficinet 
Hi erat Mathematical Mean: 0.10005 
san i Geometrical Mean : 0.09993 
Harmonic Mean 0.09981 
Variance 0.00002 
S.D. 0.00494 
Skewed Coef. 0.10760 
Kurtosis Coef. 3.01920 
gael T2860 MAD 0.00394 
Range 0.05202 
~ Mid_range 0.10068 
Median 0.09996 
Ql 0.09667 
Q2 0.09996 
Q3 0.10333 
IQR 0.00666 
1 C.V. 0.04938 


0.074762 0.126595 
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(5-2), 
iid 
X,,X,,...X, ~CB(A), 4 =0.2, E(X)= 0.38814, sigma(X)= 0.27558, Var(X)= 0.07595, 


sample size E(A) Var\A) Bi = ay) Var(x) 
n=10 0.2394982408 | 0.0329158192 | 0.0344759302 0.007595 
n=20 0.2219193607 | 0.0170552531 | 0.0175357114 0.0037975 
n=40 0.2116025519 | 0.0085570515 | 0.0086916707 0.00189875 
n=70 0.2068029237 | 0.0048734547 | 0.0049197345 0.001085 
n=100 0.2048065669 | 0.0034028042 | 0.0034259073 0.0007595 
n=150 0.2032259079 | 0.0022625926 | 0.0022729991 0.0005063 
n=500 0.2009754695 | 0.0006751068 | 0.0006760583 0.0001519 


A =0.2, the sampling distribution of A= d(x), 
(5-2-1) n=10, 2=0.2, 


f(L1),F(L1),L1=A = a(x), Coefficinet 
os new giepuren Mathematical Mean: 0.23950 
Bele Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.03292 
S.D. : 0.18143 
Skewed Coef. : 1.00124 
Kurtosis Coef. — : 3.53251 
0.001850 —“Taas076 MAD 0.14571 
cole Range : 0.99883 
Mid_range : 0.49941 
Median : 0.19530 
Ql : 0.09619 
Q2 : 0.19530 
Q3 : 0.34298 
; IQR : 0.24678 
0.001860 0.996976 C.V. : 0.75753 
(5-2-2) n=20, A=0.2, 
f(L1),F(L1),L1=A = a(x), Coefficinet 
he new dletabiiton Mathematical Mean: 0.22192 
et Geometrical Mean : none 
Harmonic Mean : none 
Variance i 0.01706 
S.D. : 0.13060 
Skewed Coef. : 0.91215 
Kurtosis Coef. — : 3.69857 
0.001778 nareins MAD : 0.10393 
aes [ee Range : 0.95995 
Mid_range : 0.47998 
Median : 0.19764 
Ql : 0.12244 
Q2 : 0.19764 
Q3 : 0.29732 
IQR : 0.17488 
acura ose CV. 0.58848 
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(5-2-3) n=40, 4 =0.2, 


f(L1),F(L1),L1=A4 = ox ) ; Coefficinet 
i nen eles Mathematical Mean: 0.21160 
eT Geometrical Mean : 0.19129 
Harmonic Mean 0.16997 
Variance 0.00856 
S.D. 0.09250 
Skewed Coef. 0.74971 
Kurtosis Coef. 3.58262 
0.004267 nasoned MAD 0.07350 
de F(t) Range 0.83185 
Mid_range 0.41865 
Median 0.19886 
Ql 0.14313 
Q2 0.19886 
Q3 0.26680 
; IQR 0.12367 
0.004267 0.833034 CV. 0.43716 
(5-2-4) n=70, 2 =0.2, 
f(L1),F(L1),L1=A = ox ) : Coefficinet 
fey new distribution Mathematical Mean: 0.20680 
cea Geometrical Mean : 0.19502 
Harmonic Mean 0.18290 
Variance 0.00487 
S.D. 0.06981 
Skewed Coef. 0.60669 
Kurtosis Coef. 3.41690 
0.016164 Test MAD 0.05551 
seal Range 0.72504 
Mid_range 0.37734 
Median 0.19935 
Ql 0.15608 
Q2 0.19935 
Q3 0.24961 
; IQR 0.09353 
0.016164 0.738519 C.V. 0.33757 
(5-3-5) n=100, A =0.2, 
f(L1),F(L1),L1=A4 = ox ) ; Coefficinet 
im nevi clenmufen Mathematical Mean: 0.20481 
si i Geometrical Mean : 0.19650 
Harmonic Mean 0.18804 
Variance 0.00340 
S.D. 0.05833 
Skewed Coef. 0.52275 
Kurtosis Coef. 3.32176 
0.025593 nat 96 MAD 0.04642 
pen Range 0.60484 
ved Mid_range 0.32689 
Median 0.19952 
Ql 0.16284 
Q2 0.19952 
Q3 0.24113 
IQR 0.07829 
1 C.V. 0.28482 


0.025593 0.628196 
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(5-4-6) n=150, 2=0.2, 


f(L1),F(L1),L1=A = 9X), 


Coefficinet 


LI) 


9.514048 


0.035353 
«) 


0.035353 


new distribution 


4 
0.534686 


1 
0.534686 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 

Range 

Mid_range 

Median 


0.20323 
0.19766 
0.19203 
0.00226 
0.04757 
0.43533 
3.22559 
0.03788 
0.50119 
0.28502 
0.19968 
0.16934 
0.19968 
0.23329 
0.06395 
0.23406 


(5-3), 


iid 
X,,X,,... X, ~ CB(A), 4 =0.3, E(X)= 0.43033, sigma(X)= 0.28365, Var(X)= 0.08046, 


sample size E(A) Var(A) AG oe ay) Var(x) 
n=10 0.330882733 | 0.0438956694 | 0.0448494126 | 0.008046 
n=20 0.3175563401 | 0.0244554511 | 0.0247636762 | 0.004023 
n=40 0.3094689186 | 0.0129434440 | 0.0130331045 _| 0.0020115 
n=70 0.3055935638 | 0.0075789217 | 0.0076102096 | 0.001149 
n=100 0.3039595950 | 0.0053585155_ | 0.0053741939 _| 0.0008046 
n=150 0.3026521277 | 0.0035982319 | 0.0036052657 _ | 0.0005364 
n=500 0.3007796649 | 0.0010899490 | 0.0010905569 | 0.00016092 
(5-4), 

iid 
X,,X,,...X, ~ CB(A), 4 =0.4, E(X)= 0.46633, sigma(X)= 0.28751, Var(X)= 0.08266, 
sample size E(A) Var(A) Bi = ay) Var(x ) 
n=10 0.4165747103 | 0.0502580047 | 0.0505327257 _| 0.008266 
n=20 0.4095618209 | 0.0290600732 | 0.0291515016 | 0.004133 
n=40 0.4052120362 | 0.0158184881 | 0.0158456534 _| 0.0020665 
n=70 0.4030819931 | 0.0094032042 | 0.0094127029 | 0 0.001181 
n=100 0.4021657080 | 0.0066885366 | 0.0066932269 _| 0.0008266 
n=150 0.4014417469 | 0.0045177751 | 0.0045198537 _| 0.000551 
n=500 0.4004011412 | 0.0013804965 | 0.0013806574 _| 0.00016532 
example 5-5, 


iid 
X,,X,,... X, ~ CBA), 4 =0.5, E(X)= 0.50002 sigma(X)= 0.28869, Var(X)= 0.08334, 


sample size E(A) Var\A) Bi es ay | Var(x) 
n=10 0.4999456967 | 0.0524223792 | 0.0524223822 0.008334 
n=20 0.4999339358 | 0.0306200021 | 0.0306200064 0.004167 
n=40 0.4999608371 | 0.0168066054 | 0.0168066069 0.0020835 
n=70 0.4999558386 | 0.0100385116 | 0.0100385135 0.0011906 
n=100 0.4999539881 | 0.0071605540 | 0.0071605561 0.0008334 
n=150 0.49995 15346 | 0.0048435585 | 0.0048435608 0.0005556 
n=500 0.4999531707 | 0.0014845850_ | 0.0014845872 0.00016668 
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Section 6, 4 = es Normal(E (4) Var(A)), 


The simulator and transformation can get A= d(x) sampling distribution and 
conditional probability density function in 4 to be explained. 
Let X2=4=¢(X) and f(X2|X1=2.), the simulated data number=100,000,000. 


(5-2-1)0.01< 2<0.99 for E(4)——>2 and Vari) —>0. 


The diagram is (X1=/, f(X2|X1)). 
n= 10, n= 1 1, 


random vector O@px1) 
conditional pdf image 


random vector €2p¢1) 
conditional pdfimage 


0.982662 


random vector (C2901) random vector O@p<1) 
tor OC2PCt) range map conditional pdfimage rande ) conditional pdfimage 
the conditional pdfs great th 


n=12, n=15, 


random vector (C2}x1) random vector (X21) 
conditional pet image conditional pdfimage 


9x01) 


random vector 0x) fandom vector 0C2)x1) 
C1) range map conditonal paf image random vector 0¢2)x1) range map conditional paf image 
jonal paf is greatthan 0 3 


8 ional pafis eqal 0 


random vector (X21X%) 


conditional pat image conditional pdf image 


random vector C2IX1) 


982662 


random vector OC2}x1) 
ondibonal pafimage 


ndional pat is great than 0 
paris 
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n=50, n=100, 


random vector (X2(K1) random vector (C2}xt) 
conditional pa image conditional pdf image 


fox2p41) foc2pet) 


0.00348 
012438 099266 
og 2662 


0.003434 
012438 0.992862 
of 
random vector Opxt) 
random vector 0(2/X!) range map conditional pet image 


Red area is the conditional pdfis great tan 0 


Black area is the conditional pafis eqal 0 
n= 200, n= 400, 


random vector (X2p<1) random vector (20(1) 
conditional adfimage conditional paf image 


random vector Oc2p1) 
random vector (X2/X1) range map conditional pdf image 


Red area is tie conditional pdf's great than 0 


Black area is the conditional pdfis eqal 0 


focapet ACPI) 


10 
9 f.012438 0982662 


0.00485 
0.012438 0.982662 
random vector OC2p«t) 
random vector 0C2PK!) range map. conditional pdfimage 
Reed area is the conditional pofis great than 0 
Black area is the conditional pdfs egal 0 


random vector 02/1) range map conditional pdf image 
y wv 4 Vv —2g 
The red area is the range of ( A= ox),a ). 


From n=10,11,12,15,20,30,50, (4,£(4}) diagram is not 45° line. 

From n=100, 200, (2, £(4)) diagram is approaching to 45° line. 

n=400, (2, £(4)) diagram is close to 45° line, 

E(4)——>2 and Var(4) 40, but. E(X)=4=0.5 if 4 =0.5 in any sample 
size. 


random vector (<2)x1) 
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Chapter 4, The test statistic of Continuous Bernoulli 
distribution 


iid 
X,,X,,..., X, ~CB(A), nrandom samples from CB(A). 
There are two test statistic, 


one is vn “is ~ u(x) , the other is A-El ) but vn xs ~ u(x) is better than 
a(x) J|VarlA) a(x) 
A- EA) 


Section 1, The difference of and A-E4) 
Var a 


The vnlx—u(x)) and 4-#l4) sampling distributions 
o(X ) VarlA ) 
iid — Xx, 4 aa 
when X,,X,,..,X, ~ CB(A), a o— o(x) (chapter 3, section 3). 
n 
AEA) 
o(X) ae > Normal(0,1) and Ivar) ae 
because 2 = d(x) is the non-linear function of X and E(i)# A, n(x) is less 


> Normal(0,1) ; 


than n(A) : Ale 4X) is the good test statistic. 
o 


(1) n(X)=? when sees) n(x) > Normal(0,1), 
WI15= Aa ol ) satey? Normal(01), 


Getting the simulated data of W15 and standard normal distribution using the 
simulator and the simulated data number=100,000,000. 


Calculating the n(x) using the Strong Law of Large Number, the requirement is 
P\F,,;(W15)—®(W15) <0.1}=1, P{F,,;(W15)—(W15) < 0.05} = 
P{F,,(W15)—(W15) < 0.01} =1, —— @(W15) <0.005}=1, 


Wil 
when sce x) > Normal(0 


(z)= P(Z < z) é Se bef - 2 is the distribution function of standard 


normal distribution. 
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(1-1) 4=0.5,n(X)=6, 


f(W15),FCW 15), Coefficinet 
ihe = Mathematical Mean: 0.00020 
eae Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.00007 
S.D. 1.00004 
Skewed Coef. 0.00025 
Kurtosis Coef. 2.80095 
4.044999 Tan8817 MAD 0.80472 
alee Range 8.08346 
| Mid_range -0.01824 
Median 0.00008 
Ql -0.68912 
Q2 0.00008 
Q3 0.68947 
IOR 1.37859 
-4.044999 me? CV. : hone 
The almost surely limiting theory 
E(| W15 distribution function - Z distribution function|/*2)=0.0000109107, 
Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.164155, 
Pr(| W15 distribution function - Z distribution function|<0.0005000000)= 0.078938, 
Pr(| W15 distribution function - Z distribution function|<0.0001000000)= 0.015383, 
(1-2) =0.4,n(X)=11, 
f(W15),FCW 15), Coefficinet 
roe vena Mathematical Mean: 0.00029 
sat Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00043 
S.D. 1.00021 
Skewed Coef. 0.04193 
Kurtosis Coef. 2.89399 
~4.529993 Tae0770 MAD 0.80179 
sale Range 9.43320 
Mid_range 0.16914 
Median -0.00678 
Ql -0.68659 
Q2 -0.00678 
Q3 0.67890 
IQR : 1.36549 
-4.529993 4 aie C.V. + hone 


The almost surely limiting theory 


E(| W15 distribution function - Z distribution function|/*2)=0.0000064069, 


Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.219017, 
Pr(| W15 distribution function - Z distribution function|<0.0005000000)= 0.105682, 
Pr(| W15 distribution function - Z distribution function|<0.0001000000)= 0.023000, 
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(1-3)2=0.6,n(X)=11, 


f(w15),F(w15) Coefficient 
fe 7 — Mathematical Mean: -0.00011 
ani Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.00030 
S.D. 1.00015 
Skewed Coef. -0.04186 
Kurtosis Coef. 2.89406 
-4.936143 rite MAD 0.80161 
wl Range 9.42974 
| Mid_range -0.23874 
Median 0.00698 
Ql -0.67838 
Q2 0.00698 
Q3 0.68630 
; IOR : 1.36468 
-4,936143 4 750683 C.V. : hone 
The almost surely limiting theory 
E(| W15 distribution function - Z distribution function|*2)=0.0000060964, 
Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.209822, 
(1-4) 2 =0.3,n(x)=25, 
f(W15),FCW 15), Coefficinet 
i i aaa Mathematical Mean: -0.00006 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.99993 
S.D. 0.99996 
Skewed Coef. 0.06069 
Kurtosis Coef. 2.95441 
Prey Tira MAD 0.79950 
ia Range 10.23593 
Mid_range 0.17542 
Median -0.01031 
Ql -0.68362 
Q2 -0.01031 
Q3 0.67262 
IQR : 1.35624 
-4.923589 5 Fi C.V. : none 


The almost surely limiting theory 


E(| W15 distribution function - Z distribution function|/*2)=0.0000069808, 


Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.197691, 
Pr(| W15 distribution function - Z distribution function|<0.0005000000)= 0.105150, 
Pr(| W15 distribution function - Z distribution function|<0.0001000000)= 0.017595, 
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(1-5) 2 =0.7,n(X )=24, 


f(w15),F(w15) Coefficient 
res fen semen Mathematical Mean: 0.00001 
oa Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.00017 
S.D. 1.00009 
Skewed Coef. -0.06003 
Kurtosis Coef. 2.95459 
§.292167 4. an MAD 0.79958 
tal ss Range 10.07634 
Mid_range -0.27266 
Median : 0.01029 
Ql : -0.67251 
Q2 : 0.01029 
Q3 : 0.68351 
IQR 1.35602 
~.292167 4 ah CV. + none 
E(| W15 distribution - Z distribution |*2)=0.0002347298 
Hekskokdekseskskee | W15 distribution function - Z distribution function] *******#*** 
The almost surely limiting theory 
E(| W15 distribution function - Z distribution function|*2)=0.0000070229, 
Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.191289, 
(1-6) 2 =0.2,n(X)=45, 
f(w15),F(w15) Coefficient 
ad Ren cleneuan Mathematical Mean: 0.00027 
baa i Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.00030 
$.D. 1.00015 
Skewed Coef. 0.07156 
Kurtosis Coef. 2.98005 
-4.715952 5. Aa MAD 0.79888 
poi Range 10.32301 
Mid_range 0.42644 
Median : -0.01140 
Ql i -0.68296 
Q2 : -0.01140 
Q3 0.67016 
- IQR 1.35312 
4.718952 5568825 C.V. : hone 


The almost surely limiting theory 


E(| W15 distribution function - Z distribution function|*2)=0.0000089662, 
Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.174623, 
Pr(| W15 distribution function - Z distribution function|<0.0005000000)= 0.089743, 
Pr(| W15 distribution function - Z distribution function|<0.0001000000)= 0.015884, 
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(1-7) A =0.8,n(X)=50, 


f(w15),F(w15) Coefficient 
Ret het Glenbuton Mathematical Mean: 0.00010 
sea Geometrical Mean : none 
Harmonic Mean : none 
Variance i 1.00003 
S.D. : 1.00002 
Skewed Coef. -0.06710 
Kurtosis Coef. 2.98280 
-6.580984 4. ssa MAD : 0.79865 
anal Range : 10.48031 
Mid_range : -0.36024 
Median : 0.01144 
Ql : -0.67018 
Q2 0.01144 
Q3 : 0.68215 
7” IOR ; 1.35233 
-§,680984 4.860513 C.V. : hone 
The almost surely limiting theory 
E(| W15 distribution function - Z distribution function|/*2)=0.0000079026, 
Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.194868, 
Pr(| W15 distribution function - Z distribution function|<0.0005000000)= 0.092056, 
Pr(| W15 distribution function - Z distribution function|<0.0001000000)= 0.016767, 
(1-8) A =0.1,n(X)=100, 
f(w15),F(w15) Coefficient 
i ee Mathematical Mean: 0.00000 
ey Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.99968 
S.D. : 0.99984 
Skewed Coef. § 0.07413 
Kurtosis Coef. 2.99644 
-§.108206 raven MAD : 0.79804 
at Range : 10.59717 
Mid_range : 0.17076 
Median : -0.01230 
Ql : -0.68177 
Q2 : -0.01230 
Q3 : 0.66822 
IQR : 1.35000 
-§.108206 5. fin CV. + none 


The almost surely limiting theory 


E(| W15 distribution function - Z distribution function|*2)=0.0000093035, 
Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.174883, 
Pr(| W15 distribution function - Z distribution function|<0.0005000000)= 0.084831, 
Pr(| W15 distribution function - Z distribution function|<0.0001000000)= 0.017134, 
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(1-9) 4 =0.9,n(X)=100, 


f(w15),F(w15) Coefficient 
fwnig new dletibuiton Mathematical Mean: -0.00004 
aes Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00030 
S.D. 1.00015 
Skewed Coef. -0.07337 
Kurtosis Coef. 2.99442 
-6.830280 Tanger MAD 0.79833 
ie Range 10.77881 
Mid_range -0.46083 
Median 0.01243 
Ql -0.66874 
Q2 0.01243 
Q3 0.68179 
a IQR : 1.35052 
-6.830280 4.908613 CV. : hone 


The almost surely limiting theory 


E(| W15 distribution function - Z distribution function|/*2)=0.0000094424, 


Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 0.976842, 
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.172794, 
Pr(| W15 distribution function - Z distribution function|<0.0005000000)= 0.087209, 
Pr(| W15 distribution function - Z distribution function|<0.0001000000)= 0.015426, 
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i- EA) 


War(A) n(A)900 


Getting the simulated data of W1 and standard normal distribution using the simulator 
and the simulated data number=100,000,000. 


(2) n(A)=? WI= > Normal(0,1), 


Calculating the n(A) using the Strong Law of Large Number, the requirement is 
P{F,,(W1)- (W1) <0.1}=1, PF, (W1)- ®(W1) < 0.05} =1, 
P\F,,(W1)- ©(W1) < 0.01}=1, P{F,,(W1)—©(W1) < 0.005} =1, 


— Normal(0,1). 


(c)=P(Z<z)=[ 


1 
9° 27 


normal distribution. 


2: 
ex a is the distribution function of standard 


(2-1) n(2 = 0.5) = 100, 


f(W1),FCW 1), Coefficinet 
a lal Mathematical Mean: 0.00000 
0.389837 * 
Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00000 
S.D. : 1.00000 
Skewed Coef. : 0.00074 
™ Kurtosis Coef. — : 2.82063 
-4,435579 4.493290 MAD : 0.80427 
“wel Range ; 8.96206 
Mid_range : 0.02886 
Median : -0.00006 
Ql : -0.68846 
Q2 : -0.00006 
Q3 : 0.68861 
wi TOR : 1.37707 
-4.435579 4.493290 C.V. * none 


The almost surely limiting theory 
E(| W1 distribution function - Z distribution function|*2)= 0.0000097307, 

Pr(| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.172468, 
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.082425, 
Pr(| W1 distribution function - Z distribution function|<0.0001000000)= 0.016093, 
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(2-2) n(A = 0.4) =900, 


f(W1),FCW 1), Coefficinet 
il Semen Mathematical Mean: -0.00000 
cet Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00000 
S.D. 1.00000 
Skewed Coef. 0.05973 
Kurtosis Coef. 2.98411 
-§.005386 sisies MAD 0.79862 
wn Range 10.30001 
- Mid_range 0.42119 
Median -0.01003 
Ql -0.68174 
Q2 -0.01003 
Q3 0.67056 
IQR fc 1.35230 
-5.005386 spilt CV. + none 
E(| W1 distribution - Z distribution |*2)=0.0002080453 
Teller | OW distribution function - Z distribution function| #7 
The almost surely limiting theory 
E(| W1 distribution function - Z distribution function|*2)=0.0000066983, 
Pr(| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.208039, 
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.101090, 
Pr(| W1 distribution function - Z distribution function|<0.0001000000)= 0.019154, 
(2-3)n(A = 0.6) = 1000, 
f(W1),F(W 1), Coefficinet 
ta nee clever Mathematical Mean: 0.00000 
ad Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00000 
S.D. 1.00000 
Skewed Coef. -0.05636 
Kurtosis Coef. 2.98622 
-§.005386 mtn MAD 0.79855 
rd Range 10.30557 
Mid_range -0.35668 
Median 0.00937 
Ql -0.67102 
Q2 0.00937 
Q3 0.68115 
IQR 1.35217 
-5.005386 5.594825 CV. : hone 


E(| W1 distribution - Z distribution |’2)=0.00018083 11 


Teller | OW distribution function - Z distribution function| *** 


The almost surely limiting theory 


E(| W1 distribution function - Z distribution function|*2)=0.0000053620, 


Pr(| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.244898, 
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.118409, 
Pr(| W1 distribution function - Z distribution function|<0.0001000000)= 0.023120, 
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(2-4) n(A = 0.3) =2400, 


f(W1),FCW 1), Coefficinet 
ce en Mathematical Mean: -0.00000 
aac Y Geometrical Mean : none 
Harmonic Mean : none 
Variance 9 1.00000 
S.D. 1.00000 
Skewed Coef. 0.07410 
Kurtosis Coef. 3.00307 
-§.005386 Taa4028 MAD 0.79794 
sin ke Range 10.49939 
| Mid_range 0.42904 
Median -0.01258 
Ql -0.68095 
Q2 -0.01258 
Q3 0.66808 
IOR : 1.34903 
-5,005386 ee CV. : hone 
E(| W1 distribution - Z distribution |*2)=0.0003012279 
Teller | OW distribution function - Z distribution function| #7 
The almost surely limiting theory 
E(| W1 distribution function - Z distribution function|*2)=0.0000098990, 
Pr(| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0050000000)= 0.897 146, 
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.174774, 
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.085842, 
Pr(| W1 distribution function - Z distribution function|<0.0001000000)= 0.016369, 
(2-5) n(Z = 0.7) =2600, 
f(W1),FCW 1), Coefficinet 
ee ney ceuuton Mathematical Mean: 0.00000 
veel Geometrical Mean : none 
Harmonic Mean : none 
Variance ‘ 1.00000 
S.D. 1.00000 
Skewed Coef. -0.07069 
Kurtosis Coef. 3.00036 
-§.005386 tes MAD 0.79808 
Pe i Range 10.15801 
Mid_range -0.27947 
Median 0.01130 
Ql -0.66846 
Q2 0.01130 
Q3 0.68181 
_ IQR 1.35027 
-§.005386 §,594825 C.V. ? none 


E(| W1 distribution - Z distribution |*2)=0.00028 13453 


fececeeckick | 


The almost surely limiting theory 


W1 distribution function - Z distribution function] 


E(| W1 distribution function - Z distribution function|*2)=0.000008 1742, 


Pr(| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.176549, 
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.086442, 
Pr(| W1 distribution function - Z distribution function|<0.0001000000)= 0.016321, 
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(2-6) n(A = 0.2) =6000, 


FCW1),FCW 1), Coefficinet 


men eeu Mathematical Mean: -0.00000 
a Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00000 
S.D. : 1.00000 
Skewed Coef. ‘ 0.07422 
Kurtosis Coef. —: 3.00972 
pete 5. T4503 MAD : 0.79779 
Range : 9.98965 
Mid_range 0.30827 
Median -0.01161 
Ql -0.68095 
Q2 -0.01161 
Q3 0.66732 
IOR : 1.34827 
4.668058 aantee3 C.V. : hone 
E(| W1 distribution - Z distribution |2)=0.0003061605 
Hekskseskseskseok2ks |W] distribution function - Z distribution function] * 
The almost surely limiting theory 
E(| W1 distribution function - Z distribution function|*2)=0.0000089389, 
Pr(| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.176264, 
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.087118, 
Pr(| W1 distribution function - Z distribution function|<0.0001000000)= 0.015256, 
(2-7) n(A = 0.8) =5800, 
f(W1),F(W 1), Coefficinet 
ie) Hewealetibution Mathematical Mean: 0.00000 
a Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00000 
S.D. 1.00000 
Skewed Coef. -0.06899 
Kurtosis Coef. 3.00322 
-§.419329 7499836 MAD 0.79809 
sagle Range 9.95503 
Mid_range -0.46025 
Median 0.01204 
Ql -0.66815 
Q2 0.01204 
Q3 0.68150 
IQR : 1.34965 
-5.419329 sine CV. : hone 


The almost surely limiting theory 
E(| W1 distribution function - Z distribution function|/*2)=0.0000087477, 


Pr(| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.167440, 
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.081499, 
Pr(| W1 distribution function - Z distribution function|<0.0001000000)= 0.013535, 
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(2-8) n(A = 0.1) = 10000, 


FCW1),FCW 1), Coefficinet 


new lembaton Mathematical Mean: -0.00000 
eat Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00000 
S.D. : 1.00000 
Skewed Coef. ‘ 0.07874 
Kurtosis Coef. : 3.01369 
-4.950741 6 anes MAD : 0.79758 
(wt) Range . 10.49156 
as Mid_range : 0.27561 
Median : -0.01294 
Ql : -0.68058 
Q2 i -0.01294 
Q3 : 0.66668 
IQR : 1.34726 
wi CV. : none 
E(| W1 distribution - Z distribution |*2)=0.0003423204 
tee: | WI distribution function - Z distribution function| *******#**** 
The almost surely limiting theory 
E(| W1 distribution function - Z distribution function|*2)=0.0000099227, 
Pr(| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0050000000)= 0.892561, 
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.181459, 
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.085919, 
Pr(| W1 distribution function - Z distribution function|<0.0001000000)= 0.018578, 
(2-9) n(A = 0.9) = 120000, 
f(W1),FCW 1), Coefficinet 
rei al Mathematical Mean: 0.00000 
ee Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.00000 
S.D. ‘ 1.00000 
Skewed Coef. : -0.07167 
Kurtosis Coef. —: 3.01126 
6 aeuas 4 Tee MAD a 0.79761 
io Range 10.27871 
Mid_range -0.34593 
Median 0.01234 
Ql -0.66727 
Q2 0.01234 
Q3 0.67985 
wt TOR : 1.34712 
-5.466251 4.774388 C.V. * none 


E(| W1 distribution - Z distribution |2)=0.0002921814 
Hekskokskseskskokeks |W] distribution function - Z distribution function] * 
The almost surely limiting theory 
E(| W1 distribution function - Z distribution function|/*2)=0.0000090084, 
Pr(| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.179855, 
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.085605, 
Pr(| W1 distribution function - Z distribution function|<0.0001000000)= 0.018494, 
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- u(X)) 
Section 2,  f( 5 (x) |), 


_valX - u(x) 


Ook) 


the simulated data number=100,000,000. 


, the simulator and transformation can get f(X2|K1=2), 0<A<1, 


The probability distribution shape is affected by sample size and 1. 


n=2, 


random vector (2/1), 
conditional pdfimage 


fOC2PC1) 


9 p007487 0.997512 


random vector (c2p¢t) 
random vector 0¢2)<1) range map conditional pdf image 
Red area is the conditional pdfis great than 0 


Black area is the conditional pdfis eqal 0 


n=4 


random vector (<2p¢1) 
conditional paf image 


f0(2)x1) 


7 
0 g.007ae? 0.997512 


random vector Q¢2)1) 
conditional pdfimage 


random vector ((2)X1) range map 
Red area is the conditional pdfis greatthan 0 
Black area is the conditional pdfis eqal 0 


n=10, 


random vector (<2p¢1) 
conditional pdf image 


f0C2)x1) 


o.g97s12 


o.0074a7 
od 


random vector (¢2)x1), 
random vector (K2)«1) range map conditional patimage - 
Red area is the conditional pdfis great than 0 y 


Black area is the canditional pdfis egal 0 


WV 


v 
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n=3 


random vector 0<2p41) 
conditional pdf image 


foxaper 


o.oorss7 
00 


0.997512 


fandom vector (2p) 


random vector (<20¢1) range map conditional pe image 


Black area is the conditional pat is eqal 0 


n=6 


random vector 0C21%1) 
condibonal pdf image 


soap 


og97st2 


Fandom vector (C2/X1) 
conditional pefimage 


yy 


random vector (<2/x1) range map 
Red area is the conaitional pat is great than 0 
Black area is the conditional pdtis eqal 0 


n=15 


Fandom vector (2)%1) 
conditional pdf image 


ogarst2 


g.ooraey 
00 


randomn vector Gc2pxt) 
random vector (<2/Xt) range map conditional pat image 
Red area is the conditional pat is greattnan 0 j 


Black area Is the conditional pdfis eqal 0 


n=20, 


random vector (¢2)1) 
conditional pdfimage 


OPI) 


007487 0.997512 
of 


random vector (C2p<1) 
random vector 0(2)<1) range map conditional paf image 
Red area is the conditional pdfis great than 0 


Black area is the conditional pdfis eqal 0 


n=50, 


random vector (2/1) 
conditional pdf image 


F021) 


9 g.00rae7 0.997512 


random vector C21) 
random vector 0¢21X1) range map conditional paf image 
Red area is the conditional pdf is great than 0 


Black area is the conditional pdfis egal 0 


n=200, 


random vector 0C2)x1) 
conditional pdf image 


foC2pAt 


random vector 02 
conditional paf image 


random vector (201) range map 
Red area Is the conditional pois great than 0 
Black area is the conditional pdf is egal 0 


Black area Is the conditional pais eqal 0 
LM 
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n=25 


random vetor 062001) 
conditional pdf image 


op 007487 o997512 


random vector (X2)«1) 
random vector C21) range map conditional pet image 
al pot is greattan 0 
Black area is the conitional pdtis eqal 0 


Re area is the condi 


n=100, 


random vector (C2)x1) 
conditional pef image 


toeape 


hes 
iit 
Nei 


fis) 


9.007487 


random vector (C2)1) 
random vector 0C2)1) range map conditional pat image 


Rad area is 


conditional paf is great than 0 
Black area is te conditional pet is eqal 0 


n=400, the data number=1,000,000,000 


Fandom vector (2941) 
conditional pdf image 


9.007487 
08 


random vector 0(2p¢1) 
random vector 0(2p¢1) range map conditional pdf image 


Red area is the conditional pdfis greatthan 0 


v(x - u(x) 


Section 3, f 
» ff o(X) 
vnlX - u(x) 
|n), 
o(X) 
X2= AE) and X1=n=sample size and n=1,2,..,200, the simulated data 
oO 
number=1,000,000,000,the shape of f(X2|X1) can show the sample size effect. 


The skewed coefficient will more away from 0 when |lamda-0.5| is increased. The 
sample size is increasing if test statistic approaching standard normal distribution. 


|n=sample size), 


f( 


A=0.01, 


random vector c2p<1) 
conditional pat image 


TOP) 


200497500 


a 502600 200.497500 random vector 0C2pC1) 
random vector 0C2p<1) random vector 0C2)X1) range map conditionat pdf image 
random vector (C2)<1) range map conditional paf image 
Red area is the conditional pafis greatthan 0 

Black area is the conditional pafis egal 0 


4=0.01, a 4209: 


random vector (<2|x1) random vector (X21) 
conditional pdf image canditanal pa image 
f02)K1) rape 


200497500 


4.6785 2 e 
9 502500 200.497500 


random vector (C21) 


random vector (C21) conditional pet image 
random vector Q¢2/K1) range map conditional paf image 
Red atea is the conditional pdf is great than 0 


Black area is the conditional pdfis eqal 0 
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A =0.3, A =0.4, 


random vector 0¢2)X1) random vector (241) 
conditional pdf image conditional pdfimage 
f02)X1) s002}Kt) 


9.502500 200497500 
00 


0.502500 200 497500 
m random vector 2x1) 
random vector (C21) random vector C291) range map conditional pot image 

random vector 0c2p<1) range map conditional pdfimage 

Red area is the conditional pafis great than 0 


Red area is the conditanal pdfis great than 0 
Black area is the conditional pdfis eqal 0 


Black area is the conditional pdfis egal 0 
—_= 
A=0.5, A =0.6, 
random vactor (<2)K1) random vector 
conditional pot image conditional pat image 
Dndgtitiy 
MiP tte 
Fey sbdati 
Niassa 
vet st 
she 
ANY 
200437500 
200497500 
random vector 02 
random vector (X2/<1) random vector (X2/<1) range map ondibanal pa image 
fandom vector (<2pK1) range map conditional pet image Reed area Is the conditional pat 
Red area is the conditional pdfes great than 0 Black area is he conditional pd is eqal 0 
=— 


Black area is the conditional pdfis eqal 0 


A =0.7, A =0.8, 


random vector (pc1) random vector (2001) 
conditional pdf image onditional pat image 
102/41) 


$02500 200.487500 ) $02500 
of og sm 


random vector (2941) andar vector 021) 
random vector 0C2)x1}) range map conditions! pat ima 


wdom vector 0C2/X1) range mag conditional pet image 
Red area is te conditonal pais great than 0 
Back area Is the conditional pats egal O 


Red area le the conditional pdfis great than 0 
Black ares fs the conditional pats eqal 0 
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A=0.9, 


random vector (C2p«1) 
conditional pat ima 


fox 


200497500 


9 302500 


Fandom vector (X21?) 


random vector (X2/xt) range map conditional pat imay 


Red area is the conditional pdfis great than 0 
Black area is the conditional pais eqal 0 


A=0.99, 


random vector Opt) 


conditonst por image 


200497500 


random vector O23) 
congitional pat ay 


random vector C201) range map 
Red area is the conditional paf is great than 0 


Black area Is the condsonal pdtis eqal 0 
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A =0.95, 


jidomn veetor (X2PCA) 
conditional pdf image 


ps02500 700.497800 
o 


rand 


rector OC) 
ranclom vector (X2)K1) range map 

Red area is the conditional pdfs great an 0 
Black area is Be condiionsl pais eqal0 


conditional pat imag 


A=0.995, 


random vector (<2pc1) 
conaianal pd image 


65187! 
of 502800 


200497500 


Fandom vector (x21) 


Fandom vector (X21) range map condéonal pa imag 


Red area Is the conditional pdf 


great man 0 
Black area is the conditional potis eqaa 0 


lid 
Section 4, The parameter 1 test statistic when X,,X,,....X, ~ CB(A), 


(1) The Z test statistic for large sample, 
n>=6+250x|/-0.5|, if 0.1<12<0.9, 

n= 100+2000x (2 -0.1), if 2 <0.1, 

n= 100+2000 x (4 -0.9), if 2 >0.9, 


unl - u(x) 
o(X) 
H,:A=c Hy: A=e, 
ick Gi (c) 
G,(e) 
n 

G, (A) iS E(X ) estimated equation and G, (A) iS Var(X ) estimated equation. 
G, (A) and G, (A) please see chapter 1, section 3. 


> Normal(0,1) , 


>Z~ Normai(0,1), 


Za Lan rejected H, and PZ > Zp)= >. 


The test statistic distribution to computing the P( H,| H,), 
pr(1-@ )=P(doesn’t rejected H, |H):A=A,)=l-a@, a =significant 
level=0.1,0.05,0.01 and pr(1- @ ) =(the times right test result)/100,000, each 


probability is from 100,000 times simulated and each time simulated data is the 
sample size. The simulated data is from Continuous Bernoulli( / ) simulator. 


n pr(90%) spr(95%) pr(99%) 


A=0.01 


E(X)=0.207514 — | 400 0.901270 0.950920 0.989900 


Var(X)=0.037087 | 500 0.901350 | 0.950620 | 0.989690 


600 0.898450 | 0.949300 __| 0.989780 


1,000 0.899510 | 0.950370 | 0.990090 


5,000 0.900170 | 0.950940 | 0.990500 


10,000 | 0.899170 | 0.949220 | 0.989930 


A =0.05 


E(X)=0.283806 210 0.899670 | 0.950210 | 0.989900 


Var(X)=0.056654 | 300 0.901510 | 0.950950 | 0.990060 


500 0.900320 | 0.950260 | 0.989820 


1,000 0.900810 | 0.950750 | 0.989770 


5,000 0.898540 | 0.950460 | 0.990170 


10,000 | 0.895140 | 0.946430 | 0.989330 


A=0.1 


E(X)=0.329809 100 0.900700 | 0.950820 | 0.989910 


Var(X)=0.066461 | 200 0.901030 | 0.950390 _ | 0.989740 


400 0.898730 | 0.949230 | 0.989730 


600 0.899860 | 0.950230 | 0.990100 


1,000 0.898840 | 0.948990 | 0.990440 


10,000 | 0.897180 | 0.947060 | 0.989190 
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n pr(90%) spr(95%) pr(99%) 

A =0.2 

E(X)=0.387832 50 0.900730 0.951580 0.990470 

Var(X)=0.075884 | 100 0.901610 0.950830 0.990080 
200 0.900560 0.949700 0.989740 
500 0.899290 0.949630 0.989850 
1,000 0.898650 0.950200 0.990020 
10,000 | 0.897680 0.948620 0.989100 

A=0.3 

E(X)=0.430251 2g 0.901120 0.951770 0.990770 

Var(X)=0.080441 | 40 0.900970 0.951300 0.990860 
50 0.898790 0.949480 0.990160 
100 0.898340 0.950300 0.989930 
1,000 0.900160 0.951080 0.989840 
10,000 | 0.900280 0.949150 0.989940 

A =0.4 

E(X)=0.466538 12 0.902500 0.952870 0.991340 

Var(X)=0.082677 | 20 0.899200 0.950250 0.990560 
30 0.900090 0.951240 0.990610 
50 0.900430 0.949730 0.990700 
100 0.899370 0.950800 0.990370 
1,000 0.901830 0.951070 0.990070 
10,000 | 0.898590 0.949070 0.989920 
n pr(90%) spr(95%) pr(99%) 

A=0.5 

E(X)=0.500057 10 0.901550 0.953000 0.991380 

Var(X)=0.083346 | 20 0.899020 0.950100 0.990750 
30 0.900090 0.950110 0.990020 
50 0.899000 0.950340 0.990650 
100 0.898840 0.950440 0.990670 
1,000 0.900320 0.949950 0.990170 
10,000 | 0.901130 0.951080 0.990490 

A=0.6 

E(X)=0.533567 12 0.899030 0.950130 0.991150 

Var(X)=0.082673 | 20 0.900840 0.950440 0.990970 
30 0.899500 0.950020 0.990590 
50 0.901080 0.951550 0.990790 
100 0.899800 0.950220 0.990780 
1,000 0.900360 0.950150 0.990220 
10,000 | 0.898490 0.949730 0.990280 

A =0.7 

E(X)=0.569850 25 0.900730 0.951260 0.991100 

Var(X)=0.080434 | 40 0.900240 0.951790 0.990380 
50 0.900210 0.949890 0.990880 
100 0.899950 0.950380 0.990340 
1,000 0.900170 0.951070 0.990090 
10,000 | 0.900540 0.950900 0.990260 
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n pr(90%) spr(95%) pr(99%) 

A=0.8 

E(X)=0.612235 50 0.900520 0.950540 0.989800 

Var(X)=0.075875 | 100 0.899560 0.950060 0.989830 
200 0.899480 0.949820 0.990020 
500 0.902130 0.951240 0.990410 
1,000 0.900730 0.950280 0.990510 
10,000 | 0.898910 0.949800 0.989580 

A=0.9 

E(X)=0.670253 100 0.900170 0.949210 0.989910 

Var(X)=0.066451 | 200 0.900730 0.950720 0.990360 
400 0.900080 0.950210 0.989730 
600 0.899610 0.950270 0.990150 
1,000 0.899590 0.949320 0.989420 
10,000 | 0.898450 0.949720 0.989650 

A =0.99 

E(X)=0.792923 400 0.900020 0.949940 0.990110 

Var(X)=0.036975 | 500 0.899650 0.949330 0.990030 
600 0.899690 0.950160 0.989600 
1,000 0.899920 0.950330 0.989790 
5,000 0.897040 0.947930 0.989480 
10,000 | 0.894170 0.946400 0.988960 
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(2) The test statistic sampling distribution from simulator for small sample, 
n<6+250x|A -0.5|, if 0.1< 14 <0.9, 

n<100+2000 x (A -0.1), if 2 <0.1, 

n<100+2000 x (A -0.9),if 2 >0.9, 

The critical value of test statistic is computed by the simulated sampling distribution 


of dal - a(x) re 
ol\x 


X-G 
H,:A=c H,:A=c, the test statistic value= X -G(c) ; 
G,\c 
n 
G, (2) is E (x ) estimated equation and G, (A) is Var(X ) estimated equation. 


(2-4) The test statistic distribution to computing the P( H,| H,), 


pr(1-a@ )=P(doesn’t rejected H, |H):A=A,)=l-a@, a =significant 
level=0.1,0.05,0.01 and pr(1- @ ) =(the times right test result)/100,000, each 
probability is from 100,000 times simulated and each time simulated data is the 
sample size. The simulated data is from Continuous Bernoulli( / ) simulator. 


n pr(90%) spr(95%) pr(99%) 

A=0.01 

E(X)=0.207514 5 0.899920 0.950160 0.990650 

Var(X)=0.037087 | 10 0.899220 0.950070 0.989420 
30 0.899780 0.950870 0.989760 
50 0.900250 0.950480 0.990180 
100 0.899770 0.949790 0.990010 
250 0.899360 0.949510 0.989880 

A =0.05 

E(X)=0.283806 a) 0.901300 0.949930 0.990690 

Var(X)=0.056654 | 10 0.900010 0.949400 0.989400 
20 0.899670 0.949880 0.989690 
30 0.898830 0.950860 0.989900 
50 0.900220 0.950820 0.989980 
100 0.900160 0.949200 0.989990 
190 0.901250 0.950520 0.989750 

A=0.1 

E(X)=0.329809 5 0.900970 0.949890 0.990610 

Var(X)=0.066461 | 20 0.899580 0.950130 0.989640 
30 0.898750 0.950660 0.990000 
40 0.898360 0.948760 0.989640 
80 0.899540 0.949370 0.989460 
100 0.899570 0.949700 0.990220 

A =0.2 

E(X)=0.387832 S 0.901110 0.950330 0.990610 

Var(X)=0.075884 | 10 0.899830 0.949390 0.989590 
20 0.899490 0.950080 0.989820 
30 0.898890 0.949960 0.989780 
40 0.898660 0.948730 0.989820 
70 0.900970 0.950750 0.990480 
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n pr(90%) spr(95%) pr(99%) 
A =0.3 =) 0.900820 0.950350 0.990440 
E(X)=0.430251 10 0.900150 0.949480 0.989590 
Var(X)=0.080441 | 15 0.901220 0.950820 0.990430 
20 0.900120 0.950060 0.990060 
A =0.4 
E(X)=0.466538 S 0.900700 0.950430 0.990450 
Var(X)=0.082677 | 8 0.900010 0.951130 0.989670 
10 0.900590 0.949510 0.989840 
A=0.5 
E(X)=0.500057 2 0.899090 0.949920 0.989680 
Var(X)=0.083346 | 5 0.900740 0.950550 0.990440 
8 0.898010 0.950420 0.991350 
A =0.6 
E(X)=0.533567 S 0.901090 0.950800 0.990390 
Var(X)=0.082673 | 8 0.900670 0.951360 0.989670 
10 0.900610 0.949810 0.989730 
A =0.7 
E(X)=0.569850 ) 0.901300 0.950780 0.990440 
Var(X)=0.080434 | 10 0.900610 0.949470 0.989520 
20 0.900640 0.950130 0.989850 
A =0.8 
E(X)=0.612235 ) 0.901260 0.950580 0.990430 
Var(X)=0.075875_ | 10 0.900670 0.949350 0.989420 
20 0.900710 0.950070 0.989760 
30 0.899230 0.948630 0.989930 
40 0.898500 0.948990 0.989640 
70 0.901220 0.951200 0.990440 
A=0.9 
E(X)=0.670253 5 0.901190 0.950590 0.990300 
Var(X)=0.066451 | 10 0.900700 0.949300 0.989680 
20 0.900620 0.949950 0.989690 
30 0.898880 0.949140 0.989720 
50 0.900280 0.950360 0.990260 
80 0.898800 0.949970 0.989740 
100 0.900490 0.950770 0.989940 
A =0.99 
E(X)=0.792923 o) 0.901590 0.950590 0.990210 
Var(X)=0.036975 | 10 0.900390 0.949260 0.989740 
30 0.898980 0.948610 0.990020 
50 0.899220 0.950230 0.990470 
100 0.900970 0.950680 0.990280 
250 0.897500 0.949580 0.989850 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_05.exe, which is the 


testing of 4 when population is Continuous Bernoulli population. 


Chapter 5, The confidence interval of Continuous Bernoulli 
distribution 


n 


The statistic = vnlx = W(X yz _ ia 
n 


, E(X), Var(X 
s(x) (X),Var(X) 
cannot get the value when 72 is unknown, the statistic could infer the confidence 
interval of 1. Un ae (x ) > Normal(0,1). 
S(x) n2n x) 


The sample size must very large when this statistic approaching standard normal 
distribution, because the 2 is shape parameter. The exception of this statistic is not 0 
and variance is not | when 2 is not 0.5. The sample size is infinite, the exception is 
0 and variance is 1. 


unl - u(x) 
S(x) n>n{X 


Getting the simulated data of W17 and standard normal distribution using the 
simulator and the simulated data number=100,000,000. 


Calculating the n(x) using the Strong Law of Large Number, the requirement is 
PF y,,(W17)- a <0.1}=1, PF,,,(W17)- ®(W17) < 0.05} = 
P{F,,,(W17)- (17) < 0.01}=1, P{F,,,(W17)— ©(W17) < 0.005} = 1, 


unl - u(x) 
S(x) 


Section 1, n(X)=? W17= +> Normai(0,), 


when > Normal(0,1). 


@(z)=P(Z<z)=[- = 


normal distribution. 


2 
es . }e is the distribution function of standard 
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(1-1) 4 =0.01,n(X)=2000, 


f(w17),F(w17) Coefficient 
mi nee deeibuon Mathematical Mean: -0.01584 
ie Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00286 
S.D. : 1.00143 
Skewed Coef. -0.06361 
Kurtosis Coef. —: 3.01442 
~§.658572 4. rae MAD : 0.79862 
ale Range : 10.66359 
” Mid_range : -0.34653 
Median : -0.00544 
Ql : -0.6848 1 
Q2 : -0.00544 
Q3 : 0.66454 
IOR : 1.34935 
~§.658572 4. pein CY. + none 
The almost surely limiting theory 
E(| W17 distribution function - Z distribution function|*2)=0.0000094662, 
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.008583, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.003 156, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000403, 
(1-2) A =0.03,n(X)= 1550, 
f(w17),F(w17) Coefficient 
sei new asian Mathematical Mean: -0.01437 
a Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00310 
S.D. : 1.00155 
Skewed Coef. -0.05744 
Kurtosis Coef. —: 3.01418 
-5.576405 7375600 MAD ; 0.79879 
wi?) Range : 10.49086 
a Mid_range : -0.35040 
Median : -0.00506 
Ql ; -0.68398 
Q2 : -0.00506 
Q3 : 0.66593 
IOR 1.34991 
5.676405 mee Cv. eee 


The almost surely limiting theory 


E(| W17 distribution function - Z distribution function|/*2)=0.0000079172, 
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.010497, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.003637, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000452, 
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(1-3) A =0.05,n(X )= 1250, 


f(w17),F(w17) Coefficient 
men Rennie aiOe Mathematical Mean: -0.01383 
eu Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00330 
S.D. : 1.00165 
Skewed Coef. -0.05606 
Kurtosis Coef. —: 3.01392 
-§.420005 5. tee MAD : 0.79885 
ae Range : 10.51062 
| Mid_range : -0.18416 
Median : -0.00508 
Ql : -0.68330 
Q2 -0.00508 
Q3 : 0.66660 
IQR : 1.34990 
-6.420005 5. ae CV. + hone 
The almost surely limiting theory 
E(| W17 distribution function - Z distribution function|*2)=0.0000072482, 
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.009918, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.003701, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000484, 
(1-4) 2 = 0.06,n(X )= 1100, 
f(w17),F(w17) Coefficient 
pe panyeoerdgaeee Mathematical Mean: -0.01392 
ab Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00306 
S.D. ‘ 1.00153 
Skewed Coef. -0.05546 
Kurtosis Coef. —: 3.01492 
-6,396731 5 rien MAD . 0.79878 
ae Range : 10.48414 
| Mid_range ‘ -0.17408 
Median -0.00518 
Ql -0.68371 
Q2 : -0.00518 
Q3 : 0.66612 
IQR 1.34982 
-6.396731 5 ae8675 C.V. : hone 


The almost surely limiting theory 


E(| W17 distribution function - Z distribution function|/*2)=0.0000076046, 
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.010557, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.003876, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000477, 
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(1-5) 2 =0.08,n(X )=800, 


f(w17),F(w17) Coefficient 
pare eT Mathematical Mean: -0.01455 
esi Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.00400 
S.D. 1.00200 
Skewed Coef. -0.05885 
Kurtosis Coef. 3.01682 
-§.689378 arch MAD 0.79905 
wel Range 10.92529 
Mid_range -0.24697 
Median -0.00485, 
Ql -0.68419 
Q2 -0.00485 
Q3 0.66581 
wiz IQR : 1.34999 
-6.689378 6.196448 C.V. : none 
The almost surely limiting theory 
E(| W17 distribution function - Z distribution function|/*2)=0.000008068 1, 
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.010068, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.003465, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000442, 
(1-6) A =0.1,n(X)=528, 
f(w17),F(w17) Coefficient 
iia pee Mathematical Mean: -0.01629 
ae Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.00566 
S.D. 1.00283 
Skewed Coef. -0.06572 
Kurtosis Coef. 3.02463 
-6.020875 eae MAD 0.79947 
salle Range 11.52370 
Mid_range -0.28037 
Median -0.00514 
Ql -0.68547 
Q2 -0.00514 
Q3 0.66440 
IQR : 1.34988 
-6.020875 5. atid CV. + hone 


The almost surely limiting theory 


E(| W17 distribution function - Z distribution function|*2)=0.0000102790, 


Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.008997, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.003328, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000399, 
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(1-7) A =0.2,n(X )=264, 


f(w17),F(w17) Coefficient 
ee nereeneee Mathematical Mean: -0.01487 
een Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.00903 
S.D. 1.00451 
Skewed Coef. -0.06051 
Kurtosis Coef. 3.04095 
-6.786130 eae MAD 0.80025 
al Range 11.18070 
cs Mid_range -0.21648 
Median -0.00462 
Ql -0.68436 
Q2 -0.00462 
Q3 0.66533 
IOR ; 1.34969 
-6.786130 a (6k CV. One 
The almost surely limiting theory 
E(| W17 distribution function - Z distribution function|*2)=0.0000085055, 
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.011238, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.004477, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000616, 
(1-8) A =0.3,n(X)=132, 
f(w17),F(w17) Coefficient 
i i nee eee Mathematical Mean: -0.01310 
ai Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.01690 
S.D. 1.00841 
Skewed Coef. -0.05465 
Kurtosis Coef. 3.07245 
6.338242 Saca0e3 MAD 0.80230 
ra aaa Range 12.22960 
| Mid_range -0.24609 
Median -0.00433 
Ql -0.68346 
Q2 -0.00433 
Q3 0.66719 
IOR 1.35065 
6.338242 abinits CV. : none 


The almost surely limiting theory 


E(| W17 distribution function - Z distribution function|/\2)=0.0000068368, 


Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.024788, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.009720, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.002386, 
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(1-9) =0.4,n(X)= 66, 


f(w17),F(w17) Coefficient 
- a maw cietinution Mathematical Mean: -0.00905 
er Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.03332 
S.D. 1.01653 
Skewed Coef. -0.03977 
Kurtosis Coef. 3.14851 
-6.115168 ac798 MAD 0.80642 
PP bik Range 12.62432 
| Mid_range 0.17362 
Median -0.00294 
Ql -0.68123 
Q2 -0.00294 
Q3 0.67055 
: IQR 1.35179 
-8.115168 rain CV. : hone 
The almost surely limiting theory 
E(| W17 distribution function - Z distribution function|/*2)=0.0000043226, 
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.158343, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.068 154, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.013522, 
(1-10) 2 =0.5,n(X)=33, 
f(w17),F(w17) Coefficient 
ene naw Creme Mathematical Mean: -0.00008 
al | Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.06952 
S.D. 1.03418 
Skewed Coef. -0.00071 
Kurtosis Coef. 3.32993 
-7.695591 oahie MAD 0.815 10 
sail Range 16.03103 
Mid_range 0.29024 
Median 0.00010 
Ql -0.67684 
Q2 0.00010 
Q3 0.67669 
; IQR : 1.35353 
7.898591 eerste CV. : none 


The almost surely limiting theory 


E(| W17 distribution function - Z distribution function|/*2)=0.0000051275, 


Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.541121, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.448275, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.311869, 
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(1-11) A =0.6,n(X)=66, 


f(w17),F(w17) Coefficient 
ANI fisy eletiputio Mathematical Mean: 0.00889 
se Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.03293 
S.D. 1.01633 
Skewed Coef. 0.03923 
Kurtosis Coef. 3.14945 
~6.565003 6. one? MAD 0.80620 
sel Range 12.94700 
Mid_range -0.11548 
Median 0.00266 
Ql -0.67004 
Q2 0.00266 
Q3 0.68114 
IQR 1.35119 
-6.565003 aasioii CV. : hone 
The almost surely limiting theory 
E(| W17 distribution function - Z distribution function|/*2)=0.0000040656, 
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.177088, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.065803, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.012367, 
(1-12) 2 =0.7,n{X )= 132, 
f(w17),F(w17) Coefficient 
ade eral Mathematical Mean: 0.01303 
oop Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.01659 
S.D. 1.00826 
Skewed Coef. 0.05436 
Kurtosis Coef. 3.07218 
-6.487665 Tae3077 MAD 0.80218 
win) Range 11.51379 
= Mid_range 0.24791 
Median 0.00426 
Ql -0.66690 
Q2 0.00426 
Q3 0.68338 
IQR 1.35028 
wi7 CV. 77.40926 


5.487665 5.983477 


E(| W17 distribution - Z distribution |*2)=0.0004408079 
W17 distribution function - Z distribution function] *** 


FeeSeeckck | 


The almost surely limiting theory 


E(| W17 distribution function - Z distribution function|*2)=0.0000063504, 


Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.028075, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.011185, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.002317, 
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(1-13) 2 = 0.8,n(X )=264, 
f(w17),F(w17) Coefficient 
ue a ee Mathematical Mean: 0.01480 
al Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00902 
S.D. 1.00450 
Skewed Coef. 0.06034 
Kurtosis Coef. 3.04041 
~5.262974 5. 7e2008 MAD 0.80026 
win : Range 11.08604 
as Mid_range 0.25952 
Median 0.00500 
Ql -0.66543 
Q2 0.00500 
Q3 0.68441 
IQR 1.34984 
-6.262974 6 ait CV. 67.87240 
E(| W17 distribution - Z distribution |*2)=0.00045 13547 
Teele | W177 distribution function - Z distribution function| ***** 
The almost surely limiting theory 
E(| W17 distribution function - Z distribution function|*2)=0.0000079659, 
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.011788, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.004322, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000513, 
(1-14) 2 =0.9,n(X)=528, 
f(w17),F(w17) Coefficient 
win) new distribution Mathematical Mean: 0.01628 
sana Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00576 
S.D. 1.00288 
Skewed Coef. 0.06598 
Kurtosis Coef. 3.02388 
6.349295 6. eae MAD 0.7995 1 
fown Range 11.23184 
“ Mid_range 0.24582 
Median 0.00535 
Ql -0.66478 
Q2 0.00535 
Q3 0.68535 
IQR 1.35013 
ate CV. 61.60868 


-5.349295 5.840945 


E(| W17 distribution - Z distribution |*2)=0.0005 164726 


Hekskskskskskskok2K |W 17 distribution function - Z distribution function] *******##** 


The almost surely limiting theory 
E(| W17 distribution function - Z distribution function|*2)=0.0000096211, 


Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.008793, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.003211, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000362, 
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(1-15) 2 = 0.99,n(X )=2000, 


f(w 17 ) F(w 17 ) Coefficient 
enn ew slenioutton Mathematical Mean: 0.01586 
alia b Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.00287 
S.D. 1.00143 
Skewed Coef. 0.06289 
Kurtosis Coef. 3.01256 
-5.136988 5 ren MAD 0.79884 
i) Range 10.60737 
mm Mid_range 0.14705 
Median 0.00538 
Ql -0.66499 
Q2 0.00538 
Q3 0.68549 
IQR 1.35048 
wir CV. 63.14381 


6.136988 5.431098 


The almost surely limiting theory 


E(| W17 distribution function - Z distribution function|/*2)=0.0000093 140, 


Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000, 
Pr(| W17 distribution function - Z distribution function|<0.0010000000)= 0.009328, 
Pr(| W17 distribution function - Z distribution function|<0.0005000000)= 0.003253, 
Pr(| W17 distribution function - Z distribution function|<0.0001000000)= 0.000389, 
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vn(x - u(x) 
S(X) 
S(X) 

the simulated data number=100,000,000. 


Section 2, f( |A), 


, the simulator and transformation can get f(X2|K1=2), 0<A<1, 


The probability distribution shape is affected by sample size and 1. 
n=3, two tailed pr removing 0.01 n=5, two tailed pr removing 0.005 


rando ape random vector (X2)xt) 
conditional pdt image 


“11.0894 
9.007487 
00 


20.663: 
0 p007ser Ogors12 


random vector (2941) random vector 0<2p«1) 
random vector Gc2pxt) range map conditional perimage 
Red area is the conditional pais grest than 0 
Black area Is the condisanal pais eqat 0 


random vector (X2)X1) range map conditional pdt image 
Red area is the conditional pdf t= great than 0 
Black ares is the conditional adfis eqal 0 


n=10, two tailed pr removing 0.001 n=20, 


random vector (x21) random vector 0px) 
conditional pot image conditional pat image 


02941) Cer) 


radar vector (C1) 
tor Q¢2)K1) range map conditional pat image 


n=30, 


random vector (X2}X1) random vector 0C2p¢1) 
conditional pet image conditional pdf image 


random vector (2)! Fandom vector (<2p«1) 
conditional pat image conditional per image 


Res area |s the conditional pet is greattman 0 
Black area Is the conoitional pat is eqal 0 
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n=100, n=200, 


random vector Q<2)x1) random vector (<2p41) 
conditional pdf image conattional pat image 


f0(20%1) 


007487 0997512 
00 


jandom vector (2X1) random vector (<1) 
n vector Of 
fandom vector (<2/X1) range map onditional pdf image 


random vector (X2)X!1) range mat candivional pdf in ” 

neg pector (X2)X1) range ~ , onditional pat Red area is the conditional pdf is great than 0 

a neeatese Sacha SeraNe Black area is the conditional pdfis egal 0 

lack area |s the conditonal pdf is egal 0 co 
y 


n=300, n=500, 


random veetor caper) Fandom vector (21) 
conditional pdfimage condibonal pdf image 


foyer speapet 


9.007487 
ao 


007487 
of 

random vector G2)x1) 

random vactor 0<20«t) 


random vector (¢2)X1) range map conditional pet image 
random vector (X2)xX1) range map conditensl pdf image Red area is the conditional pat is great tan 0 


Red area is he conditional pafis great than 0 J Black area Is the conditional pdf ts eqal 0 
— 


Black area is the conditonal pdfis egal 0 
n=1000, n=2000, 


) random vector (X2)«1) 


random vector (< 
conditional pdrimage onditonal pet image 


1aKKt) spent 


 poovser oaa7si2 Og9Tst2 


Fandom vector O21) random vector (<2)xt) 
random vector G¢2 
Red area |s the conditional pdf is great than 0 
Black area is the conditional paf ic eqal 0 


1) range map. conditional perimage 


rangorn vector 


1) range map conditional pdtimage 


Red ares is the conditional pat is great tnan 0 
Black ares ts the conditional pat is egal 
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vnlx - u(x) 
S(Xx) 
_valX - u(x) 
S(Xx) 
data number=1,000,000,000,the shape of f(X2|X1) can show the sample size effect. 
The 4 is more far from 0.5 and the skewed coefficient of this statistic is more far 
from 0 when sample size is small. The statistic will be approaching to the symmetric 
when n is very large. The following each diagram two tailed probabilities are 

removing 0.00001. 
A=0.01, A =0.05, 


randam vector (C201) random vector (2)x1) 
conditional petimage conditional pat image 


Section 3, f( |n=sample size), 


and X1=n=sample size, n=10,11,12,...,208,209, the simulated 


tocapet) 


» 709497500 


22.0374 
502501 209.497500 
oo 


random vector (C2)x1), 
conditional pet image 


random veetor (X2)x1) 
fandom vector O@fx1) range map conditional pdr image 
Red area is the conditional pat is great than 0 
Black area ts the conditional pafis eqal 0 


random vector (2/1) range map 
Red area fs the conditonal pdfs greatthan 0 
Black area Is the conditonal padfis eqal 0 


A=0.1, A =0.2, 


random vector Oc2)«1) random vector 0C2}x1) 
conditional pdfimage conditonal pdf image 


fo2pe1) 


] 


8.055% 

0 392500 208407500 
random vector (C21) 

random vector (C21) range map conditional pdf imag 

Red area |¢ the conditional paf is great than 0 

Black area Is the conditional pais eqal 0 


A=0.3, A=0.4, 


random vector (<2)1) 
random vector («2)Xt) range map conditional pat imay 
Red area is the conditional pdfis great than 0 
wv Black area is the conditional pafis eqal 0 


randam vector (C2041) random vector D2}x1) 
conditional parimage condibonal pdt image 
1HcapKt 


127008 
2! 2 
703 437500 9 502500 208497500 


random veetor OC2pCt) 
random vector O2>x1) range map conditions! per image 
Red area is the conditional pdf's great than 
Black ares is the condibanal pdf is eqat 0 


random vector (X21) 
random vector (2041) range map conditional pat im; 
Red area is the conditional pdfs great than 0 
Black area Is the conditional pdf is eqal 0 
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A=0.5, 


random vector (c2p¢1) 


conditional pdfimage 


A =0.6, 


Fandom vector (C201) 
conditional pafimage 


COKIN) 


902500 


209.487500 9 302500 
random vector (CPC) 

random vector (<2)k1) range map ‘conditional pdf image 

Res area is the conditional pais great man 0 


Black area is te conditional pafis egal 0 


209497500 


random vector (<2}x1) 
random vector 0¢2)Xt) range map 


conditional pefimage 
Red area is the conaitional pdfis great man 0 
Black area |s the conditional pdf is eqal 0 


A =0.7, 


random vector O21) 


Conditional pat image 


i 


A=0.8, 


Fandom vector (C21) 


condionsl per image 


roca) 


9 p507800 


208,497600 
Fandom vector C2043) 

random vector (C2(X1) range mag conditional pdf image 

Red area is the condianal pais great than 0 

Black area is the conditionaé per is exal 0 


205497500 
random vector e201) range map 


random vector 
Red 


conciional pat image 
18 the conditional pe 1s great than 0 
ne contional pdt is egal 0 


Black are: 


A=0.9, 


random vector 0<2941) 
conditional per image 


A=0.95, 


random vector 02)K1) 
conaitonal pa image 


9.02500 


208.497500 


9.502500 
og 
random vector (C2)<1) 
random vector 0C2)xt) range map 


709 497500 
conditional pdf image 

Red area is the conditional pcfis great than 0 

Black area is the conditanal pdt is eqal 0 


random vector (X2(x1) 
fandom vector 921) range map 


Black area ts the conditional pot rs eqal 0 po 
A=0.99, 


random vector OC2pC1) 


conditions! pat image 


A=0.995, 


random vector 001) 
conditional pa image 


1p) 


0 502500 


209.497500 
random vector (2x1) range map 


random vector (2/3) 
Ret 


502500 
of 
conditianal pef image 
@ fs the canditanal pet is great than 0 
Black area fs the conditional pat is enal 0 


209.497500 
random vector C21) range map 


Red area is the conditional pdf's great than 0 
; F Brack area is the conditional pdfis eqal 0 Bs 
y —Z | 
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Section 4, The Confidence interval of 1, 


(1) The confidence interval of 4 for large sample, 
The sample size is affected by the 4 when this statistic approaching standard normal 
distribution. 


A =4(X), 0.143853919< X <0.856221427 and 0.001 < A <0.999, 
n>33+350x|A=9(X)-0.5|, if 0.1<1<0.9, 
n>500+15000x(0.1-4=9(X)), if A=4(X)<0.1, 

n> 500+15000x (A =4(X)-0.9),if 2=(X)>0.9, 


(x ey ) > Normal(0,1), X= ‘at s(x) = 


(1-a)x100% C1. for E(X)=u 
K=Z,,x5(K)2H<x 4Z,,457(X), 
P(Z>Z,)=a, Z is the standard normal distribution, 


(l-@)x100% C.J. for 2 
AX -Z,.xs(X))<r<sAX+Z,.xs(X)) 


Checking the right probability when the C.I. for 1 at the confidence interval, 
computing the right probability of confirming and the simulated times is changed to 
1,000,000 for the accurate when using Z distribution to do confidence interval. 

P(C.I. containing 42 )=1—qa@, the C.L. is the confidence interval of 4 at l-a, 

a =0.1,0.05,0.01. 

(1-1) The /” is continuous bernoulli parameter value and computing the sample size 
requirement for CLT, 

n= 33+350x|A-0.5|, if O.1<14<0.9, 

n=500+15000~x (0.1- 7), if 2 <0.1, 

n= 500+15000x (A -0.9),if 2 >0.9, 


n 90% CI. 95% CI. 99% CI. 
A =0.01 

3,000 0.900505 0.950215 0.989620 

4,000 0.901065 0.949845 0.990065 

5,000 0.899645 0.949640 | 0.990120 

8,000 0.899790 | 0.949340 | 0.989860 

10,000 | 0.900485 0.949685 0.989845 
A =0.05 


2,000 0.900240 | 0.950140 | 0.989960 


4,000 0.898095 0.948985 0.989640 


5,000 0.900680 | 0.949720 | 0.989860 


6,000 0.901025 0.951080 | 0.989895 


8,000 0.899695 0.950215 0.989920 


10,000 | 0.898615 0.949430 | 0.989370 
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n 90% CL. 9971. 99% CI. 
A=0.1 
600 0.899075 0.948880 | 0.989335 
800 0.898905 0.949465 0.989505 
1,000 0.899815 0.949840 | 0.989500 
2,000 0.899545 0.949715 0.989455 
5,000 0.899170 | 0.949555 0.989715 
10,000 | 0.899660 | 0.949290 | 0.989855 
A =0.2 
270 0.899140 | 0.949290 | 0.989145 
400 0.897890 | 0.948295 0.989275 
800 0.899545 0.950140 | 0.989660 
1,000 0.898120 | 0.948460 | 0.989420 
5,000 0.899440 | 0.949610 | 0.989960 
10,000 | 0.900520 | 0.950720 | 0.990195 
A=0.3 
150 0.898825 0.948715 0.988950 
200 0.898350 | 0.948335 0.989060 
500 0.900060 | 0.950120 | 0.990155 
1,000 0.898745 0.949560 | 0.989920 
5,000 0.899595 0.949775 0.989905 
10,000 | 0.900160 | 0.950070 | 0.990300 
A =0.4 
70 0.895365 0.945905 0.987150 
100 0.897145 0.947800 | 0.988630 
200 0.898160 | 0.948260 | 0.988735 
500 0.899235 0.949195 0.989555 
1,000 0.899085 0.948885 O9897 715 
5,000 0.901930 | 0.949910 | 0.989815 
10,000 | 0.898610 | 0.949410 | 0.989975 
A=0.5 
35 0.891346 0.941718 0.984796 
50 0.893659 0.943555 0.986068 
100 0.898384 | 0.947118 0.988253 
200 0.899027 0.948804 — | 0.989157 
500 0.899124 | 0.949427 0.989530 
1,000 0.899107 0.949654 | 0.989860 
10,000 | 0.899831 0.949755 0.990077 
A =0.6 
70 0.895914 | 0.945756 0.987593 
100 0.897033 0.947035 0.988277 
200 0.898369 0.948562 | 0.988939 
500 0.899249 0.949378 0.989691 
1,000 0.899834 | 0.950020 | 0.989984 
5,000 0.899699 0.949652 | 0.990061 
10,000 | 0.900199 0.950187 0.989956 
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n 90% CL. 997. 99% CI. 
A =0.7 
150 0.897281 0.947588 0.988693 
200 0.898266 0.948077 0.988858 
500 0.899269 0.949266 0.989517 
1,000 0.899945 0.949908 0.989812 
5,000 0.900028 0.949633 0.989840 
10,000 | 0.900385 0.950264 | 0.990192 
A =0.8 
270 0.898917 0.948731 0.989265 
400 0.898715 0.948703 0.989392 
1,000 0.899571 0.949728 0.989903 
2,000 0.899534 | 0.949790 | 0.989785 
5,000 0.899893 0.949936 0.989942 
10,000 | 0.899537 0.949818 0.989918 
A=0.9 
600 0.899140 — | 0.949255 0.989555 
800 0.899185 0.949140 | 0.989556 
1,000 0.899433 0.949262 | 0.989836 
2,000 0.899854 | 0.949810 | 0.989978 
5,000 0.900380 | 0.950224 | 0.990090 
10,000 | 0.898989 0.949133 0.989589 
A =0.99 
3,000 0.899048 0.949600 | 0.989948 
4,000 0.899391 0.949511 0.989852 
5,000 0.899889 0.949950 | 0.989842 
8,000 0.900068 0.950004 | 0.989882 
10,000 | 0.900071 0.950004 | 0.990086 
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(1-2) The computing the sample size by A= d(x) : 


The confidence interval is from Z distribution when the sample size is large sample 


and the confidence interval is from sampling distribution of X when sample size is 
small sample. 


A =¢(X),0.143853919 < X <0.856221427 and 0.001< 
The large sample is n>33+350x|A = dX )-0.5, if 0.1<1<0.9, 
n>500+15000x(0.1-4=9(X)), if A=4(X) <0.1, 
n> 500+15000x(A =4(X)-0.9),if 2=(X)>0.9, 


<0.999. 


n 90% C.I. 95% CI. 99% CI. 
A=0.01 
2,000 0.899814 | 0.949779 0.989928 
3,000 0.899950 | 0.949887 0.989921 
5,000 0.899825 0.950076 0.990035 
10,000 | 0.899739 | 0.949491 0.989734 
A =0.05 
1,500(*) | 0.900188 0.949617 0.989673 
3,000 0.900190 | 0.950375 0.990107 
5,000 0.900071 0.950028 0.989892 
10,000 | 0.900127 0.949951 0.989982 
A=0.1 
1080(*) | 0.899839 | 0.949582 | 0.989695 
1,500 0.900126 | 0.949749 0.989797 
3,000 0.900331 0.950092 | 0.989928 
5,000 0.899697 0.949476 0.989911 
A =0.2 
400(*) | 0.900024 | 0.949660 | 0.989641 
800 0.899517 0.949793 0.989745 
1,000 0.899321 0.9499296 | 0.989530 
2,000 0.900125 0.949884 | 0.989761 
A =0.3 
170(*) | 0.898181 0.948315 0.988909 
300 0.899103 0.948971 0.989288 
500 0.899457 0.949406 0.989773 
1,000 0.899878 0.949736 0.989885 
A=0.4 
140(*) | 0.898391 0.948058 0.988730 
300 0.898572 | 0.948802 | 0.989357 
500 0.899625 0.949655 0.989614 
1,000 0.899966 | 0.949842 | 0.9897811 
A=0.5 
120(*) | 0.897300 | 0.947570 | 0.988611 
200 0.898299 | 0.948476 0.989197 
500 0.899565 0.949496 0.989712 
1,000 0.900089 | 0.949858 0.989823 


75 


n 90% CI. 95% CI. 99% CI. 
A =0.6 

150(*) | 0.897906 | 0.948188 0.988869 

500 0.899677 0.949765 0.989730 

1,000 0.899784 | 0.949707 0.989904 
A =0.7 

168(*) | 0.898060 | 0.948317 0.989046 

500 0.898918 0.949052 | 0.989493 

1,000 0.899404 | 0.949638 0.989665 
A =0.8 

405(*) | 0.899247 0.949639 0.989602 

1,000 0.899669 | 0.949710 | 0.989831 

2,000 0.899972 | 0.949771 0.989888 
A =0.9 

1,050(*) | 0.899274 | 0.949087 0.989627 

3,000 0.899349 | 0.949414 | 0.989901 

5,000 0.900296 | 0.950281 0.989971 

10,000 | 0.900017 0.950119 0.989804 
A=0.99 

2,000 0.899705 0.949349 0.989560 

3,000 0.899470 | 0.949437 0.989469 

5,000 0.899218 0.949684 | 0.989927 

10,000 | 0.899529 | 0.949559 0.989802 


(*) is the part of confidence interval critical value is used to the sampling distribution, 
part is from the standard normal distribution. 
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(2)The small sample, 

n<33+350x|4 =9(X)-0.5], if 0.1< 1 <0.9, 
n<500+15000x (0.1-2=9(X)), if 4=9(X) <0.1, 
n<500+15000x(4=(X)-0.9),if A=4(X)>0.9, 


(i-a)x100% C1. for E(X)=u 
X -W,, xS(X)< u<X+W,,JS°(x), 
P(W >W,)=a, W_ is the sampling distribution of A - a which can be 


simulated using the continuous bernoulli distribution simulator. The 4 and sample 
size will be a specific sampling distribution, the software computing critical value is a 
essentially way. 


Warning: 

Because the sample size too small that A = a(x) might be not used when X is not 
in [0.143853919, 0.856221427], the minimum sample number requirement as follows. 
The simulated times=100,000, We a(x) cannot work which is “error’’. 


A =0.01, n>=270, P(error)=0.001098, 
A =0.1, n>=55, P(error)=0.001420, 
A =0.2, n>=38, P(error)=0.001198, 
A =0.3, n>=30, P(error)=0.001250, 
A =0.4, n>=25, P(error)=0.001296, 
A =0.5, n>=22, P(error)=0.001613, 
A =0.6, n>=25, P(error)=0.001289, 
A =0.7, n>=30, P(error)=0.001238, 
A =0.8, n>=38, P(error)=0.001119, 
A =0.9, n>=55, P(error)=0.001425, 
A =0.99, n>=260, P(error)=0.001399, 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_6.exe. 
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Chapter 6, The test statistic and confidence interval of two 
Continuous Bernoulli populations, 


The test statistic is about two independent continuous Bernoulli populations 4, — 4, 


and inferring to 4, —A,, which is in according to the chapter 5 and chapter 6. 


nm ul 


~cB(A,),X1 == 8, == —__., 


XX 


1,19 N12 97" 


x 


Ln, 


H, =G, (A, ), (G,( ), chapter 1, section 3). 


Ny = 9 
iid — DX, > -x.) 
XM opcg he CBU) kee — SS 
, = nN» n, —1 


ut, =G,(A,), (G,(_),chapter 1, section 3). 


Section 1, The test statistic of H,:4,=,+c,c 40, 

A, and A, are unknown, A, = AX ), a =4(X2), and A,=(u,),2,=(u, ). 
(o( ) chapter 3, section 3). 

If “44h, 4 #A,, 

Xi-X2-(m- 4) 


mh Ny, 


the test statistic= 


(1) The large sample, 

i, = @(X1),0.143853919< X 1 <0.856221427 and 0.001 < 4, <0.999. 
The large sample is _n, >33+350x|/,-0.5|,if 0.1< 4, <0.9, 

n, >500+15000x(0.1-A,), if A, <0.1, 

n, > 500+15000x (A, -0.9),if 4, >0.9, 

and 

A, = o(X 2 ),0.143853919< X 2 <0.856221427 and 0.001 < A, <0.999. 


The large sample is _n, >33+350x|A,-0.5|, if 0.1< A, <0.9, 
n, >500+15000x(0.1-A,), if 2, <0.1, 

n, >500+15000x (A, -0.9),if A,>0.9, 

Ay: =H, +c, C40, 
Zz = re Xp —¢. 


nm Ny 


>Z (standard normal distribution), 


Z°>Z,, Hy is rejected. 
p value=2x P(Z <Z’), if P(Z<Z")<05 
p value=2x(I- P(Z <z’)), if P(Z<Z")>0.5 
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(2) The small sample, 

A, = o(X :),0.143853919< X1 <0.856221427 and 0.001 < 4, <0.999. 
The large sample is n, <33+350x|/,-0.5|,if 0.1</, <0.9, 

n, <500+15000x(0.1-A,), if 2, <0.1, 


n, <500+15000x (A, -0.9),if 2, >0.9, 

or 

A, = @(X >),0.143853919< X 2 <0.856221427 and 0.001 < A, <0.999. 
The large sample is_n, <33+350x|4,-0.5|,if 0.1< 4, <0.9, 

n, <500+15000x(0.1-A,), if 2, <0.1, 

n, <500+15000x (A, -0.9),if A, >0.9, 

Ay: =H tC, #0, 

2 Ki ye 


X1-X2—-( - fy) 


the sampling distribution of W = will be simulated using the 


probability simulator and 4, = G,( 
the simulated data is based on 


Kok geeks Coe) xe ao aa 
iid Sent ey vlx,, Xa) 
REX ok, CBU) X= ea ; 


(3)The A, and A, estimated value, 
(i) Hy: 4,=M,+c, c#0 is rejected, 
i, =(X1), A, =4(X2). 


(ii) Hy: 4,=L,4+¢, c#0 is not rejected, 
0° Hy = Me 


ny Ng ny 7) 
. YAy Daye) > (Xi, -2)+ xX); 
A, =¢ i=l j=l : a =¢ i=l j=l 
ny +N, ny +N, 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_09.exe. 
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Section 2, The test statistic of Hy): 4,=M, 
A, and A, are unknown, A, = AX ), A, =4(X2), and A,=(u,),2,=(u, ). 


If Wy =/h, 4 =A, =A, 


oe eee jel 
n,+n,, n,+n,-1 
ath —X2-(u - 
the test statistic= ; (u - us 2) 
aes 
nh Ny 


(1) The large sample, 

A = olX },0.143853919 < ¥ <0.856221427 and 0.001 < 4 <0.999. 
The large sample is_n, +n, >33+350x|4-0.5|,if 0.1< 4<0.9, 
n, +n, >500+15000x(0.1-A,), if A <0.1, 

n, +n, >500+15000x(A, -0.9),if 4 >0.9, 


Ay: = ty, 

Zs a = ad = >Z (standard normal distribution), 
S;, Z Ss, 
mh Ny, 


Z°>Z,, Hy is rejected. 


p value=2x P(Z<Z"), if P(Z<Z")<05 
p value=2x(I- P(Z < Zz"), if P(Z<Z")>0.5 


(2) The small sample, 

= oly },0.143853019< X <0.856221427 and 0.001 < A < 0.999, 
The large sample is_n, +n, <33+350x|A-0.5|,if 0.1<4<0.9, 
n, +n, <500+15000x(0.1-A,), if A <0.1, 

n, +n, <500+15000x (A, -0.9),if 4 >0.9, 


* Xi ia x 
Ay? Mj ='y, W = i nen, cae 
SS 
P 4. ake 2) 
nm Ny, 
oe deca Xi-X. .. : ” 
the sampling distribution of W = SS will be simulated using the probability 
P P 
mo Ny, 


simulator and 4 = lx}, 


80 


the simulated data is based on 


~cB(A), 7 apne Oe . cB(i), 


Xp Xp 0000 Xp, 
my = ue! — 
= _s v(x,,-x] +¥(x,,-X) 
y -mXitm X2 eel jal 
Nye OF n,+n,-1 


p value=2x P(W<W"), if P(Z<Z')<0.5 
p value=2x(I- PW <w’")), if P(Z<Zz")>05 


(3)The A, and A, estimated value, 
(i) Hy: f=, 18 rejected, 

i, =A(X1), 4, =9(X2). 

(ii) H,:4,=4, # is not rejected, 

A, =A, =A=dlx),. 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_10.exe. 
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Section 3, The confidence interval of w,—y, and A,—-A, 


A, and A, are unknown, 4, =4(X 1), 4,=9(X2), and A, =(u,).A,=4(u, ). 


If uw 4#M,, 4 #A,, 


the statistic= Xi -X2— (u, = Hy) 


(1) The large sample, 

A, = #(X1),0.143853919< X 1 <0.856221427 and 0.001 < 4, <0.999. 
The large sample is _n, >33+350x|/,-0.5|,if 0.1< 4, <0.9, 

n, >500+15000x(0.1-A,), if A, <0.1, 

n, > 500+15000x (A, -0.9),if 4, >0.9, 

and 

A, = o(X 2 ),0.143853919< X 2 <0.856221427 and 0.001 < A, <0.999. 
The large sample is _n, >33+350x|A,-0.5|, if 0.1< A, <0.9, 

n, >500+15000x(0.1-A,), if 2, <0.1, 

n, >500+15000x (A, -0.9),if A,>0.9, 


X1-X2—(u,- 4) 


>Z (standard normal distribution), 


S; Sp 
nm Ny, 
(I-a)x100% CL. of uw, -y, 
__ __ S? a _ aus ‘ge hie 
X1-X2-Zyy - 7 S phy — fy SX1-X2+Z ip ome 
1 2 1 2 
(2) The small sample, 


A, = #(X1),0.143853919< X1 <0.856221427 and 0.001 < 4, <0.999. 
The large sample is n, <33+350x|/,-0.5|,if 0.1< 4, <0.9, 

n, <500+15000x(0.1-A,), if A, <0.1, 

n, <500+15000x (A, -0.9),if 4, >0.9, 

or 

A, = o(X 2 ),0.143853919< X 2 <0.856221427 and 0.001 < A, <0.999. 
The large sample is n, <33+350x| ey -0.5|,if O.1< A, £09; 

n, <500+15000x(0.1-A,), if A, <0.1, 

n, <500+15000x (A, -0.9),if A,>0.9, 
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the statistic= X1-X2— (u, 7 Hy) 


aes oe ee 
the sampling distribution of W = : (4 a 2) 


will be simulated using the 


probability simulator and “4, = G,( 
the simulated data is based on 


XX x 


Le Ay. OL n, 


Nz 


P(W >W,)=a, 


Note: (l—a)x100% C.L. of j,—j, cannot convert to 
(1-a)x100% CL. of 4,-A,. 


~ __ ‘K — 2 2 e as, 2 S2 
Let faded Bio hg SSE] jad Feo, PEE 
ny n, ny n, 


(l-@)x100% CI. of 4,-A, 
hip SnAg SAG, 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_11.exe. 
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Chapter 7, Goodness of fit about Continuous Bernoulli 
distribution, 


lid 
B.C. Crrre. n CB(A) , nrandom samples is from CB(A) , the frequency table of 


sample is getting and suppose population is CB(A). The goodness of fit will be 
applied to determine the samples is from CB(A) population. 


Section 1, 2 is known, 
(1)The goodness of fit, 


Ki Kot x “CB(2).. 


H ,:X~Continuous Bernoulli(2 ) and 4 is known, 
H,:against H,, 
The test process, 


The frequency distribution setting, 
(i)The class number and the probability of each class, 


The class number=k = log, (n)+ 1, each class probability is setting to 


alr 


(11) The class limit, 
The first class lower limit=0 and the last class upper limit=1. 


log { Zx(2a 1)-(a 0) log, (1-2) 
A 
A aa 
Cc, = log, jis ,j =1,2....,k -1,, 


-A 
The first class upper limit=c,=the second class lower limit,....., 
The j-th class upper limit= c, =the ( J+ 1)-th class lower limit, j =1,2,...,k—1. 


(ii1)The frequency table for testing and computing the observed number and expected 
number, 


class class limit frequency=O E=nx = 
1 OF7; OF E, 

2 ess O, Es 

k Cy rl O, EB, 


The chi square test statistic, 


k = 2, 
a oo S Yo a srejecied. A, ; 


i=l i 
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(2)Confirming the test, 
H,,: X~Continuous Bernoulli(A = 4, ), H,:against H,, 
The chi square test statistic, 
4 (0,-E) 
Dee = i i 
Xe 2, E. 


pr(1-a@ )=P(doesn’t rejected H, |H,:X~ Continuous Bernoulli(/ ))=1-a@, 

The pr(1- @ ) =(the times right test result)/100,000, each probability is from 100,000 
times simulated and each time simulated data is the sample size. The simulated data is 
from Continuous Bernoulli( 4 ) simulator. 


> Yon rejected H,. 


sample size | pr(90%) spr(95%) pr(99%) 
A=0.1=A, 
10 0.891491 0.963930 0.988730 
20 0.901961 0.949261 0.990490 
100 0.902461 0.952280 0.990100 
1,000 0.898181 0.949021 0.990010 
10,000 0.898951 0.948471 0.989840 
A=0.2= A, 
10 0.891491 0.963930 0.988730 
20 0.901771 0.949391 0.991020 
100 0.901991 0.951860 0.990080 
1,000 0.900401 0.949901 0.989730 
10,000 0.899321 0.949491 0.989910 
A =0.3= A, 
10 0.891491 0.963930 0.988730 
20 0.901771 0.9499391 | 0.991020 
100 0.901991 0.951860 0.990080 
1,000 0.900401 0.949901 0.989730 
10,000 0.899321 0.949491 0.989910 
A=0.4= A, 
10 0.891491 0.963930 0.988730 
20 0.901771 0.949391 0.991020 
100 0.901991 0.951860 0.990080 
1,000 0.900401 0.949901 0.989730 
10,000 0.899321 0.949491 0.989910 
A =0.5= A, 
10 0.891491 0.963930 0.988730 
20 0.901771 0.949391 0.991020 
100 0.901991 0.951860 0.990080 
1,000 0.900401 0.949901 0.989730 
10,000 0.899321 0.949491 0.989910 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_7.exe. 


85 


Section 2, 2 is unknown, 
(1)The goodness of fit, 


n 


Xx, 


L 


ee, Sree a “ CB(A),X =. 
n 


H, :Continuous Bernoulli( A), H jiagainst H,, 

A= d(x) is the estimated equation of the 4 (chapter 3,section 3). 

The test process, 

(i)The class number and the probability of each class, 

The class number=k = log, (n)+ 1, each class probability is setting to ~ : 


(ii) The class limit, 
The first class lower limit=0 and the last class upper limit=1. 


tog,[ Ex 1) (i ) log, (I i) 
AF 


= l A j = 1,2 k-1 
Cc. O Az , shiyeney 29 
# oe 1 A : 


The first class upper limit=c,=the second class lower limit,....., 
The j-th class upper limit= c F =the ( j+ 1)- th class lower limit, 7 =1,2,...,.k—-1. 


(i11)The frequency table for testing and computing the observed number and expected 
number, 


class class limit frequency= O E=nx - 
it O~c, OF E. 

2 Case, O, Es 

k Cl O, E. 


The chi square test statistic, 
‘(0,-E,) 
U5.= yee = es , rejected H,). 
i=l i 


L 
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(2)Confirming, 

pr(1-@ )=P(doesn’t rejected H, |H,:X~ Continuous Bernoulli( 2 ))=1-@, 

The pr(1- @ ) =(the times right test result)/100,000, each probability is from 100,000 
times simulated and each time simulated data is the sample size. The simulated data is 
from Continuous Bernoulli( 4) simulator. 


H,: X~Continuous Bernoulli( A= a(x), H,:against Ho, 


sample size | pr(90%) spr(95%) pr(99%) 
A=0.1 
10 0.90995 0.93887 0.987210 
20 0.894591 0.947381 0.988890 
100 0.901551 0.949801 0.989830 
1,000 0.901041 0.950400 0.990150 
10,000 0.898031 0.948891 0.989680 
A=0.2 
10 0.918301 0.943211 0.991730 
20 0.895291 0.947921 0.989130 
100 0.901351 0.950730 0.989550 
1,000 0.900781 0.950630 0.990130 
10,000 0.898831 0.949031 0.989670 
A=0.3 
10 0.922111 0.944091 0.992030 
20 0.895911 0.947831 0.989160 
100 0.901831 0.951140 0.989660 
1,000 0.901561 0.950240 0.990000 
10,000 0.898721 0.949161 0.989530 
A=0.4 
10 0.923581 0.944241 0.991690 
20 0.896271 0.948331 0.989000 
100 0.901141 0.949891 0.989760 
1,000 0.901551 0.950450 0.990260 
10,000 0.898311 0.949501 0.989490 
A=0.5 
10 0.923761 0.944291 0.991690 
20 0.896471 0.948801 0.989190 
100 0.901001 0.949941 0.989760 
1,000 0.902111 0.950620 0.990090 
10,000 0.898431 0.950130 0.989790 


Note: The computer program is C:\C_Bernoulli\C_Bernoulli_8.exe. 
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Chapter 8, One way analysis when population is Continuous 
Bernoulli distribution 


Section |, The one way analysis, 
There are k independent Continuous Bernoulli distributions, the random samples from 
each population and the same size. 


iid 
Xi X pasos Xin * CB(A,).. 


lid 
KX yg Xp CBU 3 


lid 
Ki Nok CBS 
xX; =U+a,+é,,i=1,2,..,k, J =12,...50,55 


yy? 


iid 
Xi Xp ase Xin “S CB(A,). 


lid 
Xp gg ho CO): 


lid 
WN Np OBA) 
Xj, =H+A,+€,,1= LZ -K J S12 uh; 


x,,~CB(E(X,)), E(X,)=4, =u+a, =G,(4,)i=12....k, 
Hy, 2A, =A, =... =A iy = My, =... = My = w)(a, FA, = = Ay =0), 


n n 


= rt 
= Jl 


Xi= 


Ss i = Lenk, 
n n— 


k 
LdX., 


Y — ial jal 
The grand mean X =—+——,,n, =n xk, 


— —, =| 
(aera gers 


SST degree of freedom =n,-1, SSTR degree of freedom=k-1, 
SSE degree of free=n,-k, MSTR=SSTR/(k-1), MSE=SSE/(n, -k). 
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Section 2, ANOVA and test statistic, 


ANOVA 

Source SS df MS 

Treatment SSTR k-1 MSTR=SSTR/(k-1) 
Error SSE n,-k MSE=SSE/(n, -k) 
C Total SST ny-1 


The test statistic=MSTR/MSE and the rejected region is the right region. 
The p vlaue=P(MSTR/MSE>W), p vlaue< @ , reyected HO. 
W~MSTR/MSE probability distribution. 


the sampling distribution of W_ will be simulated using the probability simulator and 
the simulated data is based on 


Mos CBA lx), 
ee ee cmc | CREO ren 


lid * 
On Cae Gee 6 


Syte._¥f _ —\. MSTR 
SSTR = (x, x) sse= Youre 
>? D2 i MSE 
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Section 3, The sampling distribution of MSTR/MSE, 


Let W1= MSTR/MSE, 


G1). 24,24, 5..=2202, 
(G-1-Dk=3, Hy: 4, =A, =..=4,=0.2, n=, 
The right tailed probability is removing 0.01, 
f(w1), F(w1) Coefficient 
re a ale Mathematical Mean: 1.21681 
aaa Geometrical Mean : 0.60534 
Harmonic Mean 0.04355 
Variance 2.58886 
S.D. 1.60899 
Skewed Coef. 5.56376 
Kurtosis Coef. 101.93343 
0.073697 7302560 MAD 0.99676 
Pe i Range 167.55616 
Mid_range 83.77808 
Median 0.72408 
Ql 0.28834 
Q2 0.72408 
Q3 1.55208 
IQR 1.26374 
0.013697 Saas CV. 1.32230 
(3-1-2)k=4, H,: 4, =A, =...=A,=0.2, n=5, 
The right tailed probability is removing 0.01, 
f(wl), Fow1) Coefficient 
‘i ee Mathematical Mean: 1.15101 
my, Geometrical Mean : 0.73240 
Harmonic Mean 0.32904 
Variance 1.37442 
S.D. 1.17235 
Skewed Coef. 3.39320 
Kurtosis Coef. 30.98498 
0.010317 eeenia MAD 0.79263 
wale Range 66.01058 
Mid_range 33.00530 
Median 0.81608 
Ql 0.40147 
Q2 0.81608 
Q3 1.50546 
a IQR 1.10398 
0.010317 5.552019 C.V. 1.01854 
(3-1-3)k=5, Hy: 4, =A, =..=4,=0.2, n=, 
The right tailed probability is removing 0.01, 
f(wl), Fow1) Coefficient 
aa meee Mathematical Mean: 1.11625 
sii Geometrical Mean : 0.80000 
Harmonic Mean 0.49614 
Variance 0.91651 
S.D. 0.95735 
Skewed Coef. 2.62111 
Kurtosis Coef. 18.49106 
0.008969 rte MAD 0.67527 
waar Range 45.45590 
Mid_range 22.72838 
Median 0.86350 
Ql 0.47576 
Q2 0.86350 
Q3 1.46216 
i IQR 0.98640 
o.008969 4.602137 CV. 0.85764 
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(3-1-4)k=3, H, 74, =A, =...=4,=0.2, n=10, 
The right tailed probability is removing 0.01, 


f(wl), Fow1) Coefficient 
ae now cletbuten Mathematical Mean: 1.08266 
baal | Geometrical Mean : 0.57923 
Harmonic Mean 0.05058 
Variance 1.43484 
S.D. 1.19785 
Skewed Coef. 2.77287 
Kurtosis Coef. 17.76549 
0.010406 5. a MAD 0.8341 1 
ate Range 57.99537 
Mid_range 28.99768 
Median 0.70490 
Ql 0.28751 
Q2 0.70490 
Q3 1.45489 
IQR 1.16738 
ee CV. 1.10639 
(G-1-5)k=4, H,:4, =A, =..=4,=0.2, n=10, 
The right tailed probability is removing 0.01, 
f(wl), Fow1) Coefficient 
an haw alma Mathematical Mean: 1.05975 
ore Geometrical Mean : 0.70832 
Harmonic Mean 0.33087 
Variance 0.89068 
S.D. 0.94376 
Skewed Coef. 2.14046 
Kurtosis Coef. 11.26122 
0.008254 7a4et0s MAD 0.68596 
rs Range 27.69103 
Mid_range 13.84553 
Median 0.79947 
Ql 0.40236 
Q2 0.79947 
Q3 1.42686 
“ IQR 1.02450 
0.008254 4.444105 C.V. 0.89055 
(G-1-6)k=5, H,:4, =A, =..=4,=0.2, n=10, 
The right tailed probability is removing 0.001, 
f(wl), Fow1) Coefficient 
sai ge areotnuon Mathematical Mean: 1.04733 
ea Geometrical Mean : 0.77842 
Harmonic Mean : 0.49747 
Variance : 0.64337 
S.D. : 0.80211 
Skewed Coef. : 1.81112 
Kurtosis Coef. — : 8.80527 
0.010728 evi MAD 0.59601 
wal Range 18.26582 
Mid_range 9.13299 
Median 0.84887 
Ql 0.47773 
Q2 0.84887 
Q3 1.39626 
re IQR 0.91853 
0.010728 5.740136 C.V. 0.76586 
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(3-1-7)k=3, Hy :/4,=4, =... =A,=0.2, n=30, 
The right tailed probability is removing 0.005, 


f(wl), Fow1) Coefficient 
iad new sientniion Mathematical Mean: 1.02354 
aa Geometrical Mean : 0.56665 
Harmonic Mean 0.06268 
Variance 1.10964 
S.D. 1.05340 
Skewed Coef. 2.18523 
Kurtosis Coef. 10.60897 
0.010531 tien MAD 0.76357 
wel Range 20.80437 
Mid_range 10.40219 
Median 0.69674 
Ql 0.28746 
Q2 0.69674 
Q3 1.40628 
“ IQR 1.11882 
0.010531 5.675893 CV. 1.02917 
(-1-8)k=4, H,: 4, =A, =..=4,=0.2, n=30, 
The right tailed probability is removing 0.005, 
f(wl), Fow1) Coefficient 
ion new dstnbution Mathematical Mean: 1.01771 
ah Geometrical Mean : 0.69665 
Harmonic Mean 0.33411 
Variance 0.72754 
S.D. 0.85296 
Skewed Coef. 1.77455 
Kurtosis Coef. 8.01920 
0.008416 7320764 MAD 0.63710 
male” Range 16.97153 
Mid_range 8.48578 
Median 0.79176 
Ql 0.40378 
Q2 0.79176 
Q3 1.38681 
IQR 0.98304 
a rc CV. 0.83812 
G-1-9)k=5, H,:4, =A, =...=/,=0.2, n=30, 
The right tailed probability is removing 0.001, 
f(wl), Fow1) Coefficient 
a hey eee Mathematical Mean: 1.01390 
° Geometrical Mean : 0.76767 
Harmonic Mean 0.49924 
Variance 0.53911 
S.D. 0.73424 
Skewed Coef. 1.52253 
Kurtosis Coef. 6.66105 
oon? Ter24ee MAD 0.55742 
wl Range 12.12546 
Mid_range 6.06287 
Median 0.84192 
Ql 0.47972 
Q2 0.84192 
Q3 1.36123 
a IQR 0.88151 
0.009272 4.922444 C.V. 0.72418 
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(3-1-10)k=3, H):A, =A, =...=4,=0.2, n=50, 
The right tailed probability is removing 0.005, 


f(w1), F(w1) Coefficient 
wn new denteuion Mathematical Mean: 1.01417 
ae Geometrical Mean : 0.56463 
Harmonic Mean 0.04872 
Variance 1.06428 
S.D. 1.03164 
Skewed Coef. 2.10523 
Kurtosis Coef. 9.87547 
ooTo2s8 S876 MAD 0.75247 
sel Range 18.23656 
Mid_range 9.11828 
Median 0.69516 
Ql 0.28762 
Q2 0.69516 
Q3 1.39855 
= IQR 1.11093 
0.010233 5.515756 C.V. 1.01722 
G-1-l)k=4, H,:4,=A, =..=A,=0.2, n=50, 
The right tailed probability is removing 0.005, 
f(wl), Fow1) Coefficient 
Aes ew cisiinullen, Mathematical Mean: 1.01733 
aa Geometrical Mean : 0.69629 
Harmonic Mean 0.33356 
Variance 0.72631 
S.D. 0.85224 
Skewed Coef. 1.76675 
Kurtosis Coef. 7.94218 
wi MAD 0.63684 
ae Se Range 15.94130 
ane Mid_range 7.97066 
Median 0.79178 
Ql 0.40350 
Q2 0.79178 
Q3 1.38662 
IQR 0.98311 
Si CV. 0.83772 
0.008403 4.525228 
(3-1-12)k=5, H,: 4, =A, =...=A,=0.2, n=50, 
The right tailed probability is removing 0.0001, 
f(w1), F(w1) Coefficient 
fen new clenuton Mathematical Mean: 1.00783 
iba Geometrical Mean : 0.76552 
Harmonic Mean 0.49971 
Variance 0.52276 
S.D. 0.72302 
Skewed Coef. 1.48005 
Kurtosis Coef. 6.38969 
0.011731 Siassei MAD 0.55065 
ele Range 10.68217 
Mid_range 5.34132 
Median 0.84047 
Ql 0.47989 
Q2 0.84047 
Q3 1.35457 
ig IQR 0.87467 
0.011731 6.196583 C.V. 0.71740 
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(3-2) Hy :4, =A, =...=/,=0.4, 


(3-2-I)k=3, H,:4,=4, =...=4,=0.4, nS, 
The right tailed probability is removing 0.01, 
f(w1), Fow1) Coefficient 
ee al Mathematical Mean: 1.22328 
ai Geometrical Mean : 0.60119 
Harmonic Mean 0.04488 
Variance 2.68109 
S.D. 1.63740 
Skewed Coef. 5.37063 
Kurtosis Coef. 93.15497 
0.014071 Tatas MAD 1.01279 
wl Range 180.86351 
Mid_range 90.43176 
Median 0.71578 
Ql 0.28387 
Q2 0.71578 
Q3 1.54731 
i“ IQR 1.26344 
0.014071 7.584345 CV. 1.33854 
(3-2-2)k=4, H,:/,=A, =...=4,=0.4, n=5, 
The right tailed probability is removing 0.01, 
f(w1), Fowl) Coefficient 
ae new disineuton Mathematical Mean: 1.15369 
ied | Geometrical Mean : 0.72925 
Harmonic Mean 0.32578 
Variance 1.39653 
S.D. 1.18175 
Skewed Coef. 3.30174 
Kurtosis Coef. 29.67488 
: MAD 0.80135 
0.070419 5.609279 Range 73.76990 
Sale Mid_range 36.88496 
Median 0.81059 
Ql 0.39711 
Q2 0.81059 
Q3 1.50678 
IOR 1.10967 
C.V. 1.02432 
1 
0.010419 5.609279 
(3-2-3)k=5, H,:1,=A, =...=2,=0.4, n=S, 
The right tailed probability is removing 0.01, 
f(w1), Fow1) Coefficient 
,” mew cletuton Mathematical Mean: 1.11772 
eae i Geometrical Mean : 0.79747 
Harmonic Mean 0.49050 
Variance 0.92527 
S.D. 0.96191 
Skewed Coef. 2.53699 
Kurtosis Coef. 17.18906 
0.008605 Ten677 MAD 0.68151 
al Range 49.42579 
Mid_range 24.71293 
Median 0.85943 
Ql 0.47161 
Q2 0.85943 
Q3 1.46605 
IQR 0.99444 
‘ina am CV. 0.86060 
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(3-2-4)k=3, Hy: A, =A, =...=4,=0.4, n=10, 
The right tailed probability is removing 0.01, 


f(w1), F(w1) Coefficient 
‘i anon Mathematical Mean: 1.08341 
eas Geometrical Mean : 0.57737 
Harmonic Mean 0.04849 
Variance 1.45638 
S.D. 1.20681 
Skewed Coef. 2.78902 
Kurtosis Coef. 17.51837 
0.010517 eneae3d MAD 0.83765 
cial Range 52.41545 
Mid_range 26.20773 
Median 0.70186 
Ql 0.28585 
Q2 0.70186 
Q3 1.45158 
” IQR 1.16574 
0.010517, 5.668839 C.V. 1.11389 
(3-2-5)k=4, H,:4,=4, =...=/,=0.4, n=10, 
The right tailed probability is removing 0.01, 
f(w1), Fow1) Coefficient 
ieee new cistouon: Mathematical Mean: 1.06079 
wane Geometrical Mean : 0.70695 
Harmonic Mean 0.32992 
Variance 0.90130 
S.D. 0.94937 
Skewed Coef. 2.14696 
Kurtosis Coef. 11.22040 
0.008319 rather MAD 0.68941 
a Range 29.44046 
7 Mid_range 14.72025 
Median 0.79741 
Ql 0.40049 
Q2 0.79741 
Q3 1.42750 
IQR 1.02700 
a CV. 0.89496 
0.008319 4.474265 
(3-2-6)k=5, H,:4,=4, =...=/,=0.4, n=10, 
The right tailed probability is removing 0.001, 
f(wl), Fow1) Coefficient 
| Hide hevecieninuien Mathematical Mean: 1.04800 
aaa i Geometrical Mean : 0.77764 
| Harmonic Mean 0.49610 
| Variance 0.64799 
S.D. 0.80498 
Skewed Coef. 1.80272 
Kurtosis Coef. 8.62824 
0.010825 Sore MAD 0.59821 
FO!) Range 15.07232 
aa Mid_range 7.53635 
| Median 0.84780 
Ql 0.47631 
Q2 0.84780 
Q3 1.39722 
IQR 0.92092 
| a C.V. 0.76811 


0.010825 6.730749 
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Chapter 9, The Continuous Trinomial distribution and trial 
number=1, 


The trinomial distribution and trial number=1, 

fr,.x, (a ; Pi, P2) = P;' Py’ (1 —Pi~ P2 ae xX, =O1,x, =0,1x, +x, =0,1 
O< pp. <L0 <p, <1, 

analysis by Bayesian Theorem, 


P(X, =1)= p, aoe 


aie ~-— P(X, =0|X, =1)=1, 
P(X2 =1)= P2 ~--P(X, =1|X, =1)=0, 
---P(X, = 0X, =0)=1-—"_, 
oe. -p 
P(X, =0)=1- py, _-- P(x, =1x, =0)=—2 
— P2 


X,~ Bernoulli p, )X, ~ Bernoulli p, )1— DCD. Oe Bernoullil — Pi-P> ) 
Kgs Bernoulli p, + DP, ), 


X, and X, are discrete random variables, 


Let X, and X, be continuous random variables and p,=4, , p, =A, to find 
the Continuous Trinomial distribution and trial number=1, 


Fxx, Gi »X, 5A), A,) = C(A, A, yar Ay (1 -’,-A, a , 


O0<x, <10<x, <10<x, +x, <10<4, <LO0<A/, <10<4,+4, <1 
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Section 1, Setting X, ~ Continuous Bernoulli( 4, ) , X, ~ Continuous Bernoulli( J, ) 
to find the | fj. 4 (aq tp.) 
fz (eed) = CU, Pa) 1 0< x, <10<24,<1, 
fee) eCU JE U-A) 0% = 10S A, <1, 

2tanh (1-24, 

tanh '( A) Ve 1 

Caja Se 2 §=12, 

2,4; == 

2 

Getting the fy (x, ; A) from joint probability density function of ( x,,x,) 


1—x, ae Ee) 
tre, (x:4,)=| C(A,,A, ai ay (1-4, -A,) dx,, 


X 1—x,—x 
=C(A, as (l- a) (= ell A, [1- Ay ie: 


0 (Aa) 1-4, 1-A, 
X, 1—x,—x2 
2 ie 4 yh 1-x, 1-x,-x. 
jes , b 1 2 d 2s aA 1-2 : 2d. rela 9.1 
el) (stg) eck et ara) 
= 1% ON ies Goa 
1—x, dw 


(9.1)=> fam a—ayr™ (1 x, dw = 1 fA AO 0 2, Jaw 


(Jw 
= (1-2) (1 ay" aw “1-  l-a)™ f( — ) 7 


=(1-x,)\1-a)™ [ exp| (l- x, wx lod (; “ i) jo 


afta 2) 
=(-»jt-4) © test) 


(1 — x, )x (log(A)-log(1— a) 
Os) Mc (er) 


~ (log(A)-log(t-2)) 


=(1-x tay" 


A#0.5 
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” Lea (x4, ite) = Fx, (x, 7A, iene (x,|x,) 
A, 
1-A, 
Dd) se (jig) teal toal <A) 

C(A) (A) (A) 
Fx. (x,|x,)= C'(A,x, ax re 


1-x, 


A= # 0.5, 


C’(A)yan (l- Ay? dx, =1, 
CHa 1 


=0.5, any) 
i=3, Cay ta, 4.x) 


* Ty 1 
Fats (x,|x,)= C'(A)O< x, < 1-x,[ ae =1 
1 
Fx, X1,%X95 AAs \= C(A,,A, a Ay (1 —A, —A, jae 
= fr, (x, sd, Weate (0 Ix,) 
=C(A, ap 1-4," xC" (A, x, a2 (l-ayr™ 


(,) 
=cla)an-ay"xe'[a- Ay «[2e) 6 2 a 


tae a io 


1 


= cla)e'[2= 4s nan(t-a Ay Oe 5,04 


geste la.A)=cla ye [a= i a} 


1-A, 1-/, 
tanh "(I-24,) 5 | log(a)-log(1-A) 
Bg, ee ge ge EU 
| fA 1 I 
04, == ——,A=— 
vee ey Lx, 2 


Fx,.x, (x, Xs A, A, ) = C(A, , As yar AS (1 = A, m A, jor 
i Ix, (x, iA, eon (x,|x,) 
a C(A, ai (1 _ A, i x @ (A, x, ae (1 - ate 


X 1-x, -—x 
ae A A A 
= a7 CA 2 io 
C(A, ar ( A,) a ia |) 2) 


A, 
1-A 


-claje [a= Do ee 
1 


ce claya,)-cta ye [a4 


’ »X 
ion =) 


X ,~Continuous Bernoulli (4, ), X , is not Continuous Bernoulli (2, ), 
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(2) fx,x, (5385 pais) ade Be vA, ee (x, Lx, )# Fx, Ge vA, Vos (x,|x,) 


A= fi # 0.5, 


C(A,,A,) = Cc (A ») is log(4)-logll =A) 
(A) is —(1-2) %2 
Fain (x, Ix, ) = om (A, xX, yar (1 = yh a , 


CA, x, WLS Ay? de =I, 


0 


= = Cae) ie (x,|x,)= CU 40212 %,, 


xx, (f5a57A, A) = CUA AAS aay 
ar a (x, 54, Veiw, (x, |x, )# 
=ClA; Ae (1-2, yr sales (A,x, yan (a 


(A,) 
Xy 1-xy-x 
: i. A A 
=C(A, ¥z(1-2,)"" xC*| A=—L, : 1 1 
(a,)an(—a,) x os toa ae 


=C(A, res a “ a APL =A; =A, ) 2 0 Sg xy 0 <a, <1, 
2 


A= A. Cl da)=ctae"[a= a | 


Seay 1-A, 
2ranh (I-24) 4} logla)-log(l—A) 5 1 
= , —Xy (4 -Xy 2 
Cla,)=) 1% *er[4- A )- (a) -(1-a) , 
pee ahd ee re ys 
2 9 l-x, 2 


X , ~Continuous Bernoulli (1, ), X, is not Continuous Bernoulli( /, ), 


(3)Conclusion, 

tx, (x, vA, lee (x, x, )# tx, (x, vA, ee (x, |x, ) 

fx, (x, pay ) if Xl (x, es ) and fy te PA, ) if Xho (x,|x,) do not have the property of joint 
probability density function. 


The requirement of X, ~ Continuous Bernoulli(/, ) and X, ~ Continuous 
Bernoulli( A, ) cannot derive the joint probability density function fy, y, (44554, A). 
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Section 2, Following property of joint probability density function, 


Fir, x, 4.225 Ay Aa) = Cy Ay AA (I-A, A 

O<x, <10<x, <1l0<x, +x, <1l0<4, <Ll0<4/, <10<4,4+4, <1 

1 °CU,4,)=2 

1-/, 
2 

fr, (34Ap)=| 


0 


(1)A, # 


1 1 
ages and fae) 


1-x, 


CIA, Ay at Ae (L-4 - A, J dx, 


1—x, ay eyes 
= C(A, Ay Yar I, Ay (1 A, -A, i; dx, 


x, ~%y ee A ‘ 
= CU A eta —2,)*ap"[ 2) ds, 09) 


2 


A 
ae Sees h 
ine 


(0.2)=> C(4,,A,)as(1—a,—4, "| MA b 


— 
| 
SU] & 
| No 
NS 
N 
Sa 
* 
— 


[ Fx, (x, jd, A, dx, Sp a ({ A; (A, ee dx, — [a (1 -A,-A, is dx, } Z (9. 3) 
of | 
i 


ClA4;) | Aan, 1A = 24, 


In ae In as In se 
1-A, -A, A; 1-A,-A, 


=1, 
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Fy (x, iA, Ay) = [ fr, (x, SAA, dx, 


1 i A i 
= vi 1 1/-(l-4, -A. ; Lys 
A, =A, , 1-4, -2A, 4{(4) | (I-A, (5) ] 
In Ay In Ay 
a leds 
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I-A ; 
(2), =, (A= and 2, ==) 
ClA,,4 
Fag (8312 Ag) = A), 


O<x, <10<x, <10<x, +x, <10<4, <10</, <10<4,4+4 <1, 


lata * ad C(t .4a)f ‘ a, = et) cla, )=1 
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2. The marginal probability distribution and the conditional probability distribution, 
(as (Z)" -a-a-a)") 2 


; AA eA, 
A - Ay, 1-A, -2A, 1-4,-A, ee 
pe) Gk 
Ay 1-A, -A, 
pe a= (y-Arl-a-A)") a ey 0<x,<1 
Xl fae? 1-A, -24, == 2 1 


A, + 


Ay 
1-4-4, 


2(1— x, ) 


, 


The marginal probability distribution parameters are 1,,/,, 
tx, Cree =¢,,A, = o)e tx, (x,57, =¢,,A, = Nes #C3. 


(1-4, -A,)** of A, 


ma) | a 
Fa|xi=s (x,|x,)= (4,)" —(1-4, =A, i= A, ‘1-A 


1 Ayo 
l-x, 1-4,-4, 


<x <1 


The conditional probability distribution parameters are 1,,/,. 

Pr\xie (xpa54, = 01,4, =e )# Fraixien (x,|x3 4, =¢,,A, =, )c, #5. 
This joint probability density function is 

fast (ure te CUA a) 

A= 4, =A fx, x, (15%, A, A,) = Cia) (1 = Oy) ma ; 


O<x, <10<x, <L0<x,+x, <1l0<1<05, 


Caa)= ey we7 
6 Ans 
2 
[CU Ay Mp AR (= 4, - A YO ag # (4 P=), 
1=x, 


C(Ay,Ay Ap AZ (L- A, - Ay dx, # C(A, a3 (1-4, )™, 


X, is not Continuous Bernoulli( J, ),i =1,2,, 


U 


X,+X, is not Continuous Bernoulli( 4, + 4, ). 
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3. The simulated data is from numerical analysis 
The range of (x,,x,),0<x, <1lO<x, <1LlO<x,+x, <1, 


random vector (<1 ,%2) range map 


Red area is the pdfis greatthan 0 
Black area is the pdfis eqal 0 


This area is cutting many very small area, the range of x, and x, many small same 


width segement. 
l-x, 


P.x, 8 %iAvAy) =DDck. ayia Ay =A, Ax An, 


1-x, 


remorse 2 DCl4, Ay Ag AR? (L-A, —A, oO ™ Ax, 
1-x, 


Ls (x, TAA, ) = » C(A, »Ay am AS (1 Sy hy | ae Ar Ax, 


x, 
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4.The joint probability density function and marginal probability density function, 


The joint probability distribution of (x,, x, )’, 


(4-1) A,=0.3333, 2,=0.3333, C(A,,A,)=6.0003000300, 


jl 


f(x1,x2 


jector (1X2) 


: 


F(x1,x2) 


Fandom vector 01 X2) 
joint pdf image 


E(X1)= 0.3334, Var(X1)= 0.0556, E(X2)= 


0.3332, Var(X2)= 0.0555, 


Cov(X1,X2)= -0.0278, X1 and X2 correlation coefficient=-0.5002. 


f(x1), F(x1) Coefficient 
ee en Mathematical Mean: 0.33339 
nes Geometrical Mean : 0.22317 
Harmonic Mean 0.04606 
Variance 0.05560 
S.D. 0.23579 
Skewed Coef. 0.56652 
Kurtosis Coef. 2.40224 
0.001877 afte MAD 0.19759 
ell Range 0.99985 
Mid_range 0.49995 
Median 0.29292 
Ql 0.13397 
Q2 0.29292 
Q3 0.50002 
IQR 0.36605 
ner? 750029 CV. 0.70724 
f(x2), F(x2) Coefficient 
has new cisnon Mathematical Mean: 0.33318 
a Geometrical Mean : 0.22285 
Harmonic Mean 0.03883 
Variance 0.05553 
S.D. 0.23566 
Skewed Coef. 0.56645 
Kurtosis Coef. 2.40166 
0.001876 Taare MAD 0.19747 
saul Range 0.99975 
Mid_range 0.49990 
Median 0.29272 
Ql 0.13387 
Q2 0.29272 
Q3 0.49967 
IQR 0.36580 
0.001876 0.997924 CV. 0.70729 


d1=X1-X2, 
f(d1), F(d1) 


Coefficient 


f(d1) 
0.994146 


-0.995997 
(a1) 
1.00 


new distribution 


4 
0.996147 


A 


-0.995997 


0.996147 


Mathematical Mean: 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 

S.D. 

Skewed Coef. 

Kurtosis Coef. 


CV. : none 


0.00021 


0.16671 
0.40830 
0.00048 
2.40146 
0.33334 
1.99955 
0.00007 
0.00025 
-0.29270 
0.00025 
0.29300 
0.58570 


(4-2) A, =0.01, 


A,=0.01, C(A,,A,)=22.7474317294, 


F(x1,x2) 


f(x1,x2) 


0012) 


random vector (<t 2) 


joint paff image 


random vector (1.2) 
Joint pdf image 


Foc x2) 


E(X1)= 0.1933, Var(X1)= 0.0304, E(X2)= 0.1933, Var(X2)= 0.0304, 
Cov(X1,X2)= -0.0035, X1 and X2 correlation coefficient=-0.1140. 


f(x1), F(x1) 


Coefficient 


0.001877 


new distribution 


4 
0.998023 


1 
0.998023 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 

Range 

Mid_range 

Median 


0.19334 
0.11314 
0.02131 
0.03043 
0.17445 
1.33583 
4.59905 
0.13624 
0.99985 
0.49995 
0.14187 
0.05943 
0.14187 
0.27792 
0.21850 
0.90230 
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f(x2), F(x2) Coefficient 
ay aera rts Mathematical Mean: 0.19331 
ony Geometrical Mean : 0.11311 
Harmonic Mean 0.02106 
Variance 0.03042 
S.D. 0.17440 
Skewed Coef. 1.33473 
Kurtosis Coef. 4.59486 
0.001876 0.997924 MAD 0.13622 
inl Range 0.99975 
Mid_range 0.49990 
Median 0.14187 
Ql 0.05943 
Q2 0.14187 
Q3 0.27792 
2 IQR 0.21850 
0.001876 0.997924 C.V. 0.90219 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
fen new oletbution Mathematical Mean: 0.00003 
ma Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.06778 
S.D. 0.26036 
Skewed Coef. 0.00120 
Kurtosis Coef. 3.90703 
-0.995947 aastdr MAD 0.19330 
eal Range 1.99950 
Mid_range 0.00010 
Median 0.00000 
Ql -0.14185 
Q2 0.00000 
Q3 0.14180 
IQR : 0.28365 
-0.995947 0. adr C.V. : none 


(4-3) A, =0.05, 


A, =0.05, 


C(A,, A, )=11.8420874605, 


f(x1,x2) 


random vector (1,2) 
joint pdf image 


1x2 


Fandom vector 01,2) 
joint pafienage 


joint pat image 


joint pdfimage 
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f(x1), F(x1) Coefficient 
Tas Hentelammuaton Mathematical Mean: 0.17531 
sca Geometrical Mean : 0.10133 
Harmonic Mean 0.01915 
Variance 0.02638 
S.D. 0.16241 
Skewed Coef. 1.45749 
Kurtosis Coef. 5.15666 
0.001877 0.998023 MAD 0.12523 
a be Range 0.99985 
Mid_range 0.49995 
Median 0.12642 
Ql 0.05278 
Q2 0.12642 
Q3 0.24957 
IQR 0.19680 
<<“. ll CV. 0.92640 
f(x2), F(x2) Coefficient 
re ee Mathematical Mean: 0.17531 
vo% Geometrical Mean : 0.10129 
Harmonic Mean 0.01910 
Variance 0.02638 
S.D. 0.16241 
Skewed Coef. 1.45640 
Kurtosis Coef. 5.15078 
0.001876 min MAD 0. 12526 
salle Range 0.99935 
Mid_range 0.49970 
Median 0.12642 
Ql 0.05273 
Q2 0.12642 
Q3 0.24962 
Si IQR 0.19690 
0.001876 0.997524 C.V. 0.92644 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
_ ‘i oe Mathematical Mean: -0.00000 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.05711 
S.D. 0.23898 
Skewed Coef. 0.00089 
Kurtosis Coef. 4.22160 
-0.995398 aaostia MAD 0. 17532 
cal Range 1.99895 
Mid_range 0.00037 
Median 0.00000 
Ql -0.12645 
Q2 0.00000 
Q3 0.12640 
‘ IQR : 0.25285 
-0.995398 0.996148 C.V. t none 
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(4-4) A,=0.1, 2,=0.1, C(A,,A,)=8.7879702452, 


f(x1,x2 F(x1,x2) 
E(X1)= 0.2696, Var(X1)= 0.0458, E(X2)= 0.2696, Var(X2)= 0.0458, 
Cov(X1,X2)= -0.0135, X1 and X2 correlation coefficient=-0.2947. 
f(x1), F(x1) Coefficient 
ha few cigtbutfon Mathematical Mean: 0.26964 
call Geometrical Mean : 0.16911 
Harmonic Mean : 0.03274 
Variance : 0.04577 
S.D. : 0.21395 
Skewed Coef. : 0.88087 
Kurtosis Coef. — : 3.05649 
0.001877 asada MAD : 0.17491 
Foc Range : 0.99985 
a Mid_range : 0.49995 
Median 0.21772 
Ql : 0.09447 
Q2 : 0.21772 
Q3 : 0.40087 
IQR : 0.30640 
<<< —<aainz C.V. : 0.79347 
f(x2), F(x2) Coefficient 
‘ia ne eleameuton Mathematical Mean: 0.26959 
nah Geometrical Mean : 0.16901 
Harmonic Mean : 0.03104 
Variance : 0.04576 
S.D. : 0.21391 
Skewed Coef. i 0.87989 
Kurtosis Coef. — : 3.05258 
0.001877 Sonn MAD : 0.17489 
wal: Range : 0.99985 
| Mid_range : 0.49995 
Median : 0.21767 
Ql : 0.09442 
Q2 : 0.21767 
Q3 : 0.40092 
IQR : 0.30650 
0.001877 a an CV. : 0.79345 
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d1=X1-X2, 


f(d1), F(d1) Coefficient 
fat) new distribution Mathematical Mean: 0.00005 
aa i Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.11850 
S.D. 0.34424 
Skewed Coef. 0.00072 
Kurtosis Coef. 2.91709 
-0.996147 nase 47 MAD 0.26968 
ne lis Range 1.99970 
Mid_range 0.00000 
Median -0.00005 
Ql -0.21770 
Q2 -0.00005 
Q3 0.21790 
TOR : 0.43560 
-0.996147 0 =e 47 CV. : none 
(4-5) A,=0.2, 2,=0.2, C(A,,A,)=6.6951731777, 
f(x1,x2) F(x1,x2) 


ti 


m 


| | | im 


vector 01,42) 
joint pdf image 


Tandom vector O<1 2) 
Joint pdfimage 


random vector 0 


joint pat image 


random vector (1,X2) 


E(X1)= 0.3009, Var(X1)= 0.0509, E(X2)= 


0.3007, Var(X2)= 0.0509, 


Cov(X1,X2)= -0.0198, X1 and X2 correlation coefficient=-0.3894. 


f(x1), F(x1) 


Coefficient 


11) 
2.46971 


new distribution 


4 
0.998023 


1 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 


0.001877 0.998023 


0.30094 
0.19485 
0.03875 
0.05094 
0.22571 
0.72040 
2.68484 
0.18705 
0.99985 
0.49995 
0.25352 
0.11257 
0.25352 
0.45047 
0.33790 
0.75002 


1 


10 


f(x2), F(x2) Coefficient 
‘i ta Mathematical Mean: 0.30073 
— Geometrical Mean : 0.19462 
Harmonic Mean 0.03507 
Variance 0.05088 
S.D. 0.22557 
Skewed Coef. 0.72049 
Kurtosis Coef. 2.68469 
0.001876 0. rari MAD 0. 1 8693 
02) Range 0.99980 
ie Mid_range 0.49992 
Median 0.25337 
Ql 0.11257 
Q2 0.25337 
Q3 0.45007 
IQR 0.33750 
0.001876 Q carat CV. 0.75007 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
can eg ae Mathematical Mean: 0.00021 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.14147 
S.D. 0.37613 
Skewed Coef. 0.00028 
Kurtosis Coef. 2.63806 
0.996097 mi 47 MAD 0.30091 
ial Range 1.99965 
Mid_range 0.00002 
Median 0.00025 
Ql -0.25335 
Q2 0.00025 
Q3 0.25365 
a IQR : 0.50700 
-0.996097 0.996147 CV. : none 


(4-6) 2, =0.3, 


A,=0.3, C(A,,A,)=6.0432595817, 


F(x1,x2) 


vector OC Xa) 


ima 


f(x1,x2) 


\ 
Whe 
Wal 


0. 


random vector @<1,X2) 
joint pdf image 


FOC1 9a) 


002821 
002525 
ad 


random vector 0¢1 2) range map 
Red area is the pdfis great than 0 
Black area is the pafis eqal 0 


. 


"097375 


random vector (<1 2) 
joint patimage 


E(X1)= 0.3253, Var(X1)= 0.0545, E(X2)= 0.3252, Var(X2)= 0.0544, 
Cov(X1,X2)= -0.0257, X1 and X2 correlation coefficient=-0.4713. 
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f(x1), F(x1) 


Coefficient 


10%) new distribution 


sal Mathematical Mean: 0.32525 
Geometrical Mean : 0.21595 
Harmonic Mean 0.04417 
Variance 0.05449 
S.D. 0.23343 
Skewed Coef. 0.60408 
Kurtosis Coef. 2.46500 
0.001877, Tacndia MAD 0.19512 
acl Range 0.99985 
Mid_range 0.49995 
Median 0.28287 
Ql 0.12837 
Q2 0.28287 
Q3 0.48777 
‘ IQR 0.35940 
0.001877 0.998023 C.V. 0.71769 
f(x2), F(x2) Coefficient 
ee i nee Mathematical Mean: 0.32523 
Geometrical Mean : 0.21582 
Harmonic Mean 0.03818 
Variance 0.05445 
S.D. 0.23334 
Skewed Coef. 0.60257 
Kurtosis Coef. 2.46178 
0.01876 iberadié MAD 0.19507 
al Range 0.99975 
Mid_range 0.49990 
Median 0.28297 
Ql 0.12837 
Q2 0.28297 
Q3 0.48782 
2 IQR 0.35945 
0.001876 0.997924 C.V. 0.71747 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
‘i Pe acatay Mathematical Mean: 0.00003 
eli Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.16028 
S.D. 0.40035 
Skewed Coef. 0.00135 
Kurtosis Coef. 2.45570 
0.995007 Taa147 MAD 0.32526 
i Range 1.99955 
Mid_range 0.00007 
Median -0.00020 
Ql -0.28285 
Q2 -0.00020 
Q3 0.28290 
, IQR : 0.56575 
-0.995997 0.996147 C.V. : hone 
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(4-7) A,=0.4, 


A,=0.4, C(A,,A,)=6.2191290110, 


f(x1,x2) 


F(x1,x2) 


Joint pdf image 


wii 


random vector 0<1,X2) 
Joint pdfienage 


joint pafimage 


E(X1)= 0.3518, Var(X1)= 0.0580, E(X2)= 


random vector (Xt XZ) 


0.3516, Var(X2)= 0.0579, 


Cov(X1,X2)= -0.0329, X1 and X2 correlation coefficient=-0.5680. 


f(x1), F(x1) Coefficient 
i fen near Mathematical Mean: 0.35176 
ms Geometrical Mean : 0.23972 
Harmonic Mean 0.05057 
Variance 0.05796 
S.D. 0.24076 
Skewed Coef. 0.48401 
Kurtosis Coef. 2.27791 
0.001877 vaee0ds MAD 0.20279 
Fo) Range 0.99985 
nae Mid_range 0.49995 
Median 0.31597 
Ql 0.14712 
Q2 0.31597 
Q3 0.52732 
IQR 0.38020 
1 C.V. 0.68445 
0.001877 0.998023 
f(x2), F(x2) Coefficient 
fox) new Gietnbutfon Mathematical Mean: 0.35161 
bina Geometrical Mean : 0.23941 
Harmonic Mean 0.04041 
Variance 0.05791 
S.D. 0.24065 
Skewed Coef. 0.48326 
Kurtosis Coef. 2.27646 
0.001876 0. eral MAD 0.20270 
02) Range 0.99980 
me Mid_range 0.49992 
Median 0.31587 
Ql 0.14707 
Q2 0.31587 
Q3 0.52707 
IQR 0.38000 
2 CV. 0.68440 


0.001876 0.997974 
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d1=X1-X2, 


f(d1), F(d1) Coefficient 
Nig nen Mathematical Mean: 0.00014 
i Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.18169 
S.D. 0.42626 
Skewed Coef. 0.00088 
Kurtosis Coef. 2.28701 
-0.996097 Teast? MAD 0.35174 
sail Range 1.99965 
Mid_range 0.00002 
Median 0.00000 
Ql -0.31590 
Q2 0.00000 
Q3 0.31610 
, IQR : 0.63200 
-0.996097 0.996147 CV. : none 
(4-8) 2,=0.48, 4,=0.48, C(/,,2,)=8.2036882336, 
f(x1,x2) F(x1,x2) 


Fandom vector Oct ya) 


Joint pdf mage 


Tandom vector (Xt XZ) 
Joint pdf image 


E(X1)= 0.3900, Var(X1)= 0.0625, E(X2)= 
Cov(X1,X2)= -0.0448, X1 and X2 correlation coefficient=-0.7169. 


0.3897, Var(X2)= 0.0625, 


f(x1), F(x1) 


Coefficient 


TO) 
1.47471 


o.oote77 


o.o01877 


new distribution 


I 
0.998023 


a 
0.998023 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 

Range 

Mid_range 

Median 

Ql 


0.38996 
0.27491 
0.06058 
0.06251 
0.25003 
0.32090 
2.08239 
0.21242 
0.99985 
0.49995 
0.36517 
0.17622 
0.36517 
0.58252 
0.40630 
0.64115 


1 


14 


f(x2), F(x2) Coefficient 
= nevi cietinuton Mathematical Mean: 0.38969 
vee Geometrical Mean : 0.27428 
Harmonic Mean j 0.04124 
Variance : 0.06247 
S.D. : 0.24994 
Skewed Coef. : 0.32051 
Kurtosis Coef. — : 2.08063 
0.001877 7308023 MAD : 0.21236 
sagl Range : 0.99985 
Mid_range ; 0.49995 
Median H 0.36492 
Ql : 0.17602 
Q2 : 0.36492 
Q3 : 0.58227 
IQR : 0.40625 
0.001877 ree CV. : 0.64139 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
mm neeatenanen Mathematical Mean: 0.00028 
ea Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.21458 
S.D. : 0.46323 
Skewed Coef. : 0.00045 
Kurtosis Coef. — : 2.08761 
-0.996147 0 081 47 MAD : 0.38995 
a a Range ; 1.99970 
Mid_range : 0.00000 
Median : 0.00030 
Ql : -0.36505 
Q2 : 0.00030 
Q3 : 0.36535 
IQR : 0.73040 
-0.996147 a ani 47 CY. : hone 


(4-9) 2,=0.1, 2,=0.2, C(A,,2,)=7.6357730188, 


vector 0012) 
image 


f(x1,x2) 


E(X1)= 0.2634, Var(X1)= 0.0443, E(X2)= 0.3082, Var(X2)= 0.0524, 
Cov(X1,X2)= -0.0164, X1 and X2 correlation coefficient=-0.3403. 
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f(x1), F(x1) 


Coefficient 


ee pen aoe Mathematical Mean: 0.26338 
a Geometrical Mean : 0.16462 
Harmonic Mean 0.03182 
Variance 0.04432 
S.D. 0.21052 
Skewed Coef. 0.90974 
Kurtosis Coef. 3.14231 
0.001877 aan MAD 0. 17159 
oy Range 0.99985 
a Mid_range 0.49995 
Median 0.21162 
Ql 0.09167 
Q2 0.21162 
Q3 0.39067 
IQR 0.29900 
xi CV. 0.79931 
0.001877 0.998023 
f(x2), F(x2) Coefficient 
hind aeecrenen Mathematical Mean: 0.30818 
aaa Geometrical Mean : 0.20049 
Harmonic Mean 0.03692 
Variance 0.05235 
S.D. 0.22881 
Skewed Coef. 0.68722 
Kurtosis Coef. 2.61003 
0.001876 0. seraTl MAD 0. 19020 
vn foo Range 0.99980 
| Mid_range 0.49992 
Median 0.26152 
Ql 0.11647 
Q2 0.26152 
Q3 0.46217 
IQR 0.34570 
2 C.V. 0.74246 
0.001876 o.997974 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
ia new eiethition Mathematical Mean: -0.04480 
a Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.12946 
S.D. 0.35980 
Skewed Coef. 0.02978 
Kurtosis Coef. 2.76650 
-0.996047 arin MAD 0.28543 
Sele Range 1.99960 
Mid_range 0.00005 
Median -0.03805 
Ql -0.28480 
Q2 -0.03805 
Q3 0.18695 
IQR : 0.47175 
-0.996047 mere CY. : none 
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(4-10) 4,=0.1, 2,=0.3, C(A,,A,)=7.145 


5294994, 


f(x1,x2) 


random vector 0<1,X2) 


Joint pa image 


” 


0.00252 
9.002525 
9.00252! 


random vector 01,2) 
joint pdf image 


random vector (<1 <2) range map 


E(X1)= 0.2604, Var(X1)= 0.0436, E(X2)= 


0.3359, Var(X2)= 0.0563, 


Cov(X1,X2)= -0.0186, X1 and X2 correlation coefficient=-0.3753. 


f(x1), F(x1) Coefficient 
a ee Mathematical Mean: 0.26041 
ae Geometrical Mean : 0.16249 
Harmonic Mean 0.03141 
Variance 0.04365 
S.D. 0.20892 
Skewed Coef. 0.92426 
Kurtosis Coef. 3.18602 
0.001877 mite MAD 0.17003 
oy Range 0.99985 
i Mid_range 0.49995 
Median 0.20867 
Ql 0.09037 
Q2 0.20867 
Q3 0.38582 
IQR 0.29545 
0.001877 0. sui C.V. 0.80228 
f(x2), F(x2) Coefficient 
eas Han tevpaion Mathematical Mean: 0.33585 
ee Geometrical Mean : 0.22456 
Harmonic Mean 0.04100 
Variance 0.05632 
S.D. 0.23732 
Skewed Coef. 0.55704 
Kurtosis Coef. 2.37828 
0.001876 Taersad MAD 0.1991 1 
wale Range 0.99975 
| Mid_range 0.49990 
Median 0.29532 
Ql 0.13472 
Q2 0.29532 
Q3 0.50447 
IQR 0.36975 
Sar coe C.V. 0.70663 


1 


17 


d1=X1-X2, 


f(d1), F(d1) Coefficient 
ade eee Mathematical Mean: -0.07545 
hare Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.13718 
S.D. j 0.37038 
Skewed Coef. : 0.06820 
Kurtosis Coef. — : 2.66832 
~0.996047 0. Ea 47 MAD : 0.29674 
wale: Range : 1.99960 
Mid_range : 0.00005 
Median H -0.06845 
Ql : -0.33250 
Q2 : -0.06845 
Q3 : 0.16675 
IQR : 0.49925 
-0.996047 0. ai 47 CV. + none 


(4-11) 4,-0.1, 2,=0.4, C(A,,A,)=6.945348179, 


F(x1,x2) 


random vector 0C1,22) 
joint pet image 


random vector (X12) 
joint pdf image 


E(X1)= 0.2591, Var(X1)= 0.0433, E(X2)= 0.3594, Var(X2)= 0.0591, 
Cov(X1,X2)= -0.0206, X1 and X2 correlation coefficient=-0.4077. 


f(x1), F(x1) Coefficient 
‘ii new cletibuDR Mathematical Mean: 0.25910 
ee Geometrical Mean : 0.16156 
Harmonic Mean j 0.03123 
Variance ‘ 0.04335 
S.D. ; 0.20820 
Skewed Coef. : 0.93048 
Kurtosis Coef. — : 3.20533 
o.oo? 300028 MAD : 0.16934 
mr ia Range : 0.99985 
| Mid_range : 0.49995 
Median : 0.20742 
Ql : 0.08982 
Q2 : 0.20742 
Q3 : 0.38367 
IQR : 0.29385 
0.001877 Te CV. : 0.80356 
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f(x2), F(x2) Coefficient 


0¢2) new distribution 


Mathematical Mean: 0.35936 
ve Geometrical Mean : 0.24622 
Harmonic Mean : 0.04503 
Variance : 0.05907 
S.D. : 0.24304 
Skewed Coef. : 0.45046 
Kurtosis Coef. — : 2.22760 
3 MAD : 0.20517 


0.001876 0.997874 


“wile Range : 0.99970 
Mid_range ; 0.49987 
Median : 0.32542 
Ql : 0.15232 
Q2 : 0.32542 
Q3 : 0.53892 
IQR : 0.38660 


0.001876 0.997874 CV. : 0.67630 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
_ \ ae Mathematical Mean: -0.10026 
Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.14368 
S.D. : 0.37905 
Skewed Coef. : 0.10956 
Kurtosis Coef. — : 2.59600 
-0.995947 Toast MAD : 0.30605 
on Range : 1.99950 
Mid_range : 0.00010 
Median : -0.09580 
Ql : -0.37190 
Q2 ; -0.09580 
Q3 : 0.15095 
. IQR : 0.52285 
-0.995947 0.996147, C.V. none 


1 0.002524 
0.997375 0.002525 
00 


random vector (1 2) 
random vector 0X1 2) range map Joint pdf image 
Red area is the pdffis greatthan 0 
Biack area is the paffis eqal 0 


E(X1)= 0.2591, Var(X1)= 0.0434, E(X2)= 0.3814, Var(X2)= 0.0611, 
Cov(X1,X2)= -0.0227, X1 and X2 correlation coefficient=-0.4411. 
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f(x1), F(x1) Coefficient 
ae ‘i eae Mathematical Mean: 0.25909 
Geometrical Mean : 0.16156 
Harmonic Mean 0.03126 
Variance 0.04335 
S.D. 0.20821 
Skewed Coef. 0.93096 
Kurtosis Coef. 3.20695 
0.001877 aaeie MAD 0. 16933 
sal Range 0.99985 
Mid_range 0.49995 
Median 0.20737 
Ql 0.08982 
Q2 0.20737 
Q3 0.38362 
; IQR 0.29380 
0.001877 0.998023 CV. 0.80362 
f(x2), F(x2) Coefficient 
‘es eee Mathematical Mean: 0.38144 
_ Geometrical Mean : 0.26749 
Harmonic Mean 0.04904 
Variance 0.06115 
S.D. 0.24728 
Skewed Coef. 0.35341 
: Kurtosis Coef. 2.12112 
oagierr 0.998023 MAD 0.20965 
00 | Range 0.99985 
Mid_range 0.49995 
Median 0.35457 
Ql 0.17052 
Q2 0.35457 
Q3 0.56957 
a IQR 0.39905 
0.001877 0.998023 CV. 0.64827 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
al Lae Mathematical Mean: -0.12235 
a Geometrical Mean : none 
Harmonic Mean 
Variance 0.14992 
S.D. 0.38719 
Skewed Coef. 0.15481 
Kurtosis Coef. 2.53994 
0.996147 Baal MAD 0.31466 
sale Range 1.99970 
Mid_range 0.00000 
Median -0.12260 
Ql -0.40740 
Q2 -0.12260 
Q3 0.13725 
IQR : 0.54465 
i C.V. : none 


-0.996147 


0.996147 
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(4-13) 4,=0.1, 4,=0.6, C(A,,A,)=7.1456533130, 


f(x1,x2) 


F(x1,x2) 


Tandom vector 1X2) 
joint pdf ienage 


random vector (Xt 2) 
joint pdf image 


random vector 041 2) 
Joint pat image 


Foe 2) 


" 


E(X1)= 0.2604, Var(X1)= 0.0437, E(X2)= 


0.4037, Var(X2)= 0.0628, 


Cov(X1,X2)= -0.0251, X1 and X2 correlation coefficient=-0.4786. 


f(x1), F(x1) Coefficient 
me few dernier Mathematical Mean: 0.26044 
a4 Geometrical Mean : 0.16251 
Harmonic Mean 0.03146 
Variance 0.04367 
S.D. 0.20898 
Skewed Coef. 0.92525 
Kurtosis Coef. 3.18932 
omar T0023 MAD 0.17006 
awl Range 0.99985 
Mid_range 0.49995 
Median 0.20867 
Ql 0.09042 
Q2 0.20867 
Q3 0.38577 
‘ IQR 0.29535 
0.001877 0.998023 C.V. 0.80242 
f(x2), F(x2) Coefficient 
‘eu ieee Mathematical Mean: 0.40367 
ep Geometrical Mean : 0.28974 
Harmonic Mean 0.05218 
Variance 0.06276 
S.D. 0.25052 
Skewed Coef. 0.25837 
Kurtosis Coef. 2.04391 
0.001877 Ta0e023 MAD 0.21302 
jal Range 0.99985 
Mid_range 0.49995 
Median 0.38457 
Ql 0.19052 
Q2 0.38457 
Q3 0.59882 
IQR 0.40830 
0.001877 0.998023 C.V. 0.62060 
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d1=X1-X2, 


f(d1), F(d1) Coefficient 
ha new slenbaien Mathematical Mean: -0.14323 
sede Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.15654 
S.D. : 0.39566 
Skewed Coef. : 0.20392 
Kurtosis Coef. — : 2.49334 
-0.996147 3096147 MAD : 0.32344 
ol Range : 1.99970 
Mid_range : 0.00000 
Median : -0.15020 
Ql : -0.44170 
Q2 : -0.15020 
Q3 : 0.12510 
IQR : 0.56680 
0.996147 TT CV. : hone 


(4-14) 4,=0.1, 4,=0.7, C(A,,A,)=7.6360121679, 


f(x1,x2) F(x1,x2) 


random vector Oct 22) random vactor 01,2 
Joint pa image i Joint pdf image 


E(X1)= 0.2635, Var(X1)= 0.0444, E(X2)= 0.4283, Var(X2)= 0.0639, 
Cov(X1,X2)= -0.0280, X1 and X2 correlation coefficient=-0.5252. 


f(x1), F(x1) Coefficient 
i few stetbuon Mathematical Mean: 0.26345 
baa! Geometrical Mean : 0.16465 
Harmonic Mean : 0.03183 
Variance : 0.04436 
S.D. : 0.21062 
Skewed Coef. : 0.91087 
Kurtosis Coef. — : 3.14641 
x1 MAD : 0.17165 
ron eee Range : 0.99985 
1.00 Mid_range : 0.49995 
Median : 0.21162 
Ql : 0.09172 
Q2 : 0.21162 
Q3 : 0.39077 
IQR : 0.29905 
: CV. : 0.79948 


0.001877 0.998023 
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f(x2), F(x2) Coefficient 
hid ina letrton Mathematical Mean: 0.42835 
badd Geometrical Mean : 0.31557 
Harmonic Mean : 0.05597 
Variance i 0.06393 
S.D. : 0.25285 
Skewed Coef. : 0.15523 
Kurtosis Coef. — : 1.99025 
0.001877 eee MAD : 0.21536 
02) Range : 0.99985 
i Mid_range : 0.49995 
Median : 0.41812 
Ql : 0.21517 
Q2 : 0.41812 
Q3 : 0.62932 
IQR : 0.41415 
0.001877 er CV. : 0.59029 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
nae mew eumition Mathematical Mean: -0.16490 
iced i Geometrical Mean : none 
Harmonic Mean : none 
Variance ‘ 0.16423 
S.D. : 0.40526 
Skewed Coef. : 0.26130 
Kurtosis Coef. — : 2.45371 
-0.996147 3996147 MAD : 0.33313 
al Range : 1.99970 
Mid_range : 0.00000 
Median : -0.18125 
Ql : -0.47745 
Q2 : -0.18125 
Q3 : 0.11310 
“ IQR : 0.59055 
-0.996147 0.996147 C.V. : none 


(4-15) 4,=0.1, 4,=0.8, C(A,,4,)=0.87884271088, 


f(x1,x2) F(x1,x2) 


Tandom vector (Xt X2) 
Joint paf image 


random vector 01,2) 


Joint pat image 


Tot x2) 


HNN ATTA 


0.00252 
0.002525 
og 


0997375 


random vector 0412) 
joint pdf image 


E(X1)= 0.2697, Var(X1)= 0.0458, E(X2)= 0.4606, Var(X2)= 0.0646, 
Cov(X1,X2)= -0.0323, X1 and X2 correlation coefficient=-0.5940. 
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f(x1), F(x1) Coefficient 
pe aoe demenn Mathematical Mean: 0.26971 
res Geometrical Mean : 0.16914 
Harmonic Mean 0.03275 
Variance 0.04583 
S.D. 0.21407 
Skewed Coef. 0.88238 
Kurtosis Coef. 3.06223 
0.001877 ees a078 MAD 0.17498 
Fo Range 0.99985 
tT Mid_range 0.49995 
Median 0.21777 
Ql 0.09447 
Q2 0.21777 
Q3 0.40092 
IQR 0.30645 
Mos CV. 0.79369 
0.001877 0.998023 
f(x2), F(x2) Coefficient 
sai I ney deren Mathematical Mean: 0.46061 
Geometrical Mean : 0.35072 
Harmonic Mean 0.05938 
Variance 0.06459 
S.D. 0.25414 
Skewed Coef. 0.02217 
Kurtosis Coef. 1.96643 
0.001876 aeari2d MAD 0.21644 
sal Range 0.99975 
Mid_range 0.49990 
Median 0.46217 
Ql 0.25067 
Q2 0.46217 
Q3 0.66607 
IQR 0.41540 
0.001876 mail CV. 0.55175 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
re ner enaen Mathematical Mean: -0.19090 
nee Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.17505 
S.D. 0.41839 
Skewed Coef. 0.33967 
Kurtosis Coef. 2.42189 
-0.996047 needy MAD 0.34583 
Gale Range 1.99960 
Mid_range 0.00005 
Median -0.22195 
Ql -0.52110 
Q2 -0.22195 
Q3 0.09930 
IQR : 0.62040 
Ritanee ern C.V. : none 
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(4-16) 4,=0.1, 2,=0.89, C(A,,2,)=13.9288280159, 


f(x1,x2) 


F(x1,x2) 


Tandom vector 0<1 2) 
joint pat image 


Tat 


random weetor 0142) 
Joint paf image 


Foxt x2) 


random vector 041 2) 
{aint paf image 


E(X1)= 0.2891, Var(X1)= 0.0507, E(X2)= 0.5273, Var(X2)= 0.0636, 
Cov(X1,X2)= -0.0434, X1 and X2 correlation coefficient=-0.7639. 


f(x1), F(x1) Coefficient 
meth hewaleneisn Mathematical Mean: 0.28912 
ae Geometrical Mean : 0.18262 
Harmonic Mean 0.03519 
Variance 0.05068 
S.D. 0.22513 
Skewed Coef. 0.80025 
Kurtosis Coef. 2.82457 
0.001877 rie MAD 0.18567 
ale Range 0.99985 
Mid_range 0.49995 
Median 0.23647 
Ql 0.10252 
Q2 0.23647 
Q3 0.43327 
IQR 0.33075 
i C.V. 0.77868 
0.00187" 0.998023 
f(x2), F(x2) Coefficient 
ha hoy detaputen Mathematical Mean: 0.52728 
satiafe Geometrical Mean : 0.42671 
Harmonic Mean 0.05734 
Variance 0.06355 
S.D. 0.25209 
Skewed Coef. -0.24858 
Kurtosis Coef. 2.06515 
0.001877 mete MAD 0.21319 
rn a Range 0.99985 
| Mid_range 0.49995 
Median 0.55107 
Ql 0.33292 
Q2 0.55107 
Q3 0.73382 
IQR 0.40090 
: C.V. 0.47810 


0.001877 


0.998023 
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d1=X1-X2, 


f(d1), F(d1) 


Coefficient 


f(t) new distribution 
0. sates 


-0.996147 
F(d1) 


-0.996147 0.996147 


1 
0.996147 


Mathematical Mean: 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 

S.D. 

Skewed Coef. 

Kurtosis Coef. 


: none 


-0.23816 


0.20094 
0.44826 
0.49886 
2.41031 
0.37308 
1.99970 
0.00000 
-0.30470 
-0.60250 
-0.30470 
0.07485 
0.67735 


(4-17) A,=0.01, 


A,=0.5, C(A,,,)=10.5265104948, 


f(x1,x2 


KID) 


0997226 


vector O<1 2) 


F(x1,x2) 


image 


point pdf image 


random vector 01,92) 


E(X1)= 0.1773, Var(X1)= 0.0259, E(X2)= 


0.4125, Var(X2)= 0.0651, 


Cov(X1,X2)= -0.0130, X1 and X2 correlation coefficient=-0.3 166. 


Coefficient 


f(x1), F(x1) 


5.2430 


new distribution 


4 
0.997874 


i 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 

Range 

Mid_range 

Median 

Ql 


0.001876 0.997874 


0.17732 
0.10387 
0.01982 
0.02586 
0.16082 
1.39661 
4.94160 
0.12481 
0.99970 
0.49987 
0.13017 
0.05473 
0.13017 
0.25382 
0.19910 
0.90698 
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f(x2), F(x2) Coefficient 
oo ~ nen cieeiies Mathematical Mean: 0.41251 
Geometrical Mean : 0.29594 
Harmonic Mean 0.06718 
Variance 0.06506 
S.D. 0.25507 
Skewed Coef. 0.22824 
Kurtosis Coef. 1.99682 
0.001877 Tasenrs MAD 0.21763 
Pm is Range 0.99990 
Mid_range 0.49997 
Median 0.39487 
Ql 0.19417 
Q2 0.39487 
Q3 0.61457 
IQR 0.42040 
x2 CV. 0.61833 
0.001877 0.998073 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
sa r nen dewmuien Mathematical Mean: -0.23520 
Geometrical Mean : none 
Harmonic Mean 
Variance 0.11690 
S.D. 0.34191 
Skewed Coef. 0.14965 
Kurtosis Coef. 2.65729 
-0.996197 aaesder MAD 0.27932 
foal” Range 1.99950 
Mid_range -0.00015 
Median -0.22775 
Ql -0.49110 
Q2 -0.22775 
Q3 0.00085 
és IQR 0.49195 
-0.996197 0.995897 C.V. 
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6.The conditional probability f, (x,|x,), 
AAPA HA) 

Tas (x,|x)= = * ( 7 _ 

Ay (1 —A,- Ay) n" dx, 


DA SH 1%, 


ae x 4X, ~~ XQ x x 
if C(A, , Ay yar Ay (1 ~ A, ~ A, , dx, - C(A, yar (1 ~ A, y , 


The numerical analysis, 
l-x, 
Fx, (x, SA Ay ) = S Capa: yar fie (1 —A,-A, | ane Ax,, 


X2 


AP(l=4,=4,) 0" 


Tis (xx, )z 1-x, 
> Ae” (1 7 A, a Ay ame Sia Ax, 


x2 


(1) A,=0.2, 2,=0.4, 


(1-1) x1=0, 
f(x2|x1), F(x2|x1) Coefficient 
je nennaen ne Mathematical Mean: 0.50000 
oe Geometrical Mean : 0.36789 
Harmonic Mean 0.05082 
Variance 0.08334 
S.D. 0.28868 
Skewed Coef. -0.00003 
Kurtosis Coef. 1.79981 
0.001852 aon fa MAD 0.25002 
eis 62pe1=0.000000) Range 1.00000 
Mid_range 0.50000 
Median 0.50001 
Ql 0.24997 
Q2 0.50001 
Q3 0.74997 
a IQR 0.50000 
0.001852 0.998148 C.V. 0.57737 


x =0,[- “ap (1-2, J" de, = [0.40.4 dx, = 1/2.5 (numerical analysis), 


(1-2) x1=0.2, 
f(x2|x1), F(x2|x1) Coefficient 
Rae ae Mathematical Mean: 0.40008 
Geometrical Mean : 0.29432 
Harmonic Mean 0.04496 
Variance 0.05335 
S.D. 0.23097 
Skewed Coef. -0.00033 
q Kurtosis Coef. 1.79987 
0.001482 0798518 MAD 0.20004 
F(X<2p1=0.200000) 
100 | Range 0.80000 
Mid_range 0.40000 
Median 0.40009 
Ql 0.20002 
Q2 0.40009 
Q3 0.60017 
2 IQR 0.40015 
0.001482 naceers C.V. 0.57732 


x, =0.2,[ "ap (-A,)"* de, 


= [o4” 0.4°°™ dx, =1/2.6017288003(numerical analysis), 
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(1-3) x1=0.5, 


f(x2|x1), F(x2|x1) Coefficient 
— ee te Mathematical Mean: 0.25005 
Geometrical Mean : 0.18396 
Harmonic Mean 0.02864 
Variance 0.02084 
S.D. 0.14436 
Skewed Coef. -0.00020 
Kurtosis Coef. 1.80002 
0.000926 0. ee MAD 0. 12502 
Range 0.50000 
Mid_range 0.25000 
Median 0.25003 
Ql 0.12504 
Q2 0.25003 
Q3 0.37508 
IQR 0.25004 
0.000926 0.499074 CY. 0.57731 
I-x, ees 
x, =0.5, [ 2." ae, 
0.5 x 0.5—x : : 
= [ 0.4°0.4°° °° dx, =1/3.1622777168(numerical analysis), 
(1-4) x1=0.8, 
f(x2|x1), F(x2|x 1) Coefficient 
ees Nescoasarcas aclial Mathematical Mean: 0.10001 
Geometrical Mean : 0.07359 
Harmonic Mean 0.01116 
Variance 0.00333 
S.D. 0.05774 
Skewed Coef. -0.00013 
Kurtosis Coef. 1.80000 
0.000370 O. ee MAD 0.05001 
‘(<2\x1=0.800000) Range 0.20000 
Mid_range 0.10000 
Median 0.10001 
Ql 0.05001 
Q2 0.10001 
Q3 0.15002 
; IQR 0.10001 
0.000370 Seas CV. 0.57732 
1x; ... -x,—- 
x 208, i, Aad) ae 
0.2 x 0.2-—x. : : 
= i, 0.4°0.40°? dx, = 1/6.0056222271 (numerical analysis), 
(1-5) x1=0,99, 
f(x2|x1), F(x2|x1) Coefficient 
iisaimadaiaa new aletibualon Mathematical Mean: 0.00500 
iat Geometrical Mean : 0.00368 
Harmonic Mean 0.00051 
Variance 0.00001 
S.D. 0.00289 
Skewed Coef. -0.00072 
Kurtosis Coef. 1.79982 
0.000019 nana MAD 0.00250 
(0¢(2|x1=0.990000) Range 0.0 1 000 
Mid_range 0.00500 
Median 0.00500 
Ql 0.00250 
Q2 0.00500 
Q3 0.00750 
IQR ; 0.00500 
0.000019 0.009981 C.V. : none 


x, =0.99,[ "ap (1-2, J" dx, 


= [0.4 0.4°° dx, = 1/100.9255571552(numerical analysis), 


(2) A, =0.2, A,=0.2,, 


(2-1) x1=0, 
f(x2|x1), F(x2|x1) Coefficient 
toe yeeeeaenist Ree etna Mathematical Mean: 0.41032 
Geometrical Mean : 0.27624 
Harmonic Mean ; 0.03384 
Variance : 0.07856 
S.D. : 0.28029 
Skewed Coef. 4 0.37814 
Kurtosis Coef. — : 1.99835 
o.on1es2 suena MAD : 0.24002 
a (6(2(x1=0.000000) Range . 1 00000 
Mid_range : 0.50000 
Median : 0.36917 
Ql : 0.16594 
Q2 ; 0.36917 
Q3 : 0.63115 
i IQR : 0.46520 
0.001852 0.998148 C.V. i 0.68309 


x =0,["" ABA, JO" dx, 


= [ 0.20.6" dx, = 1/2.7465307527(numerical analysis), 


(2-2) x1=0.2, 
f(x2|x1), F(x2|x 1) Coefficient 
eee iron new ctennuon Mathematical Mean: 0.34223 
pa Geometrical Mean : 0.23435 
Harmonic Mean ; 0.03093 
Variance : 0.05136 
S.D. : 0.22662 
Skewed Coef. : 0.30325 
Kurtosis Coef. — : 1.92736 
0.001481 mee MAD : 0.19483 
erp varere Range : 0.80000 
Mid_range : 0.40000 
Median : 0.31485 
Ql : 0.14391 
Q2 i 0.31485 
Q3 : 0.52560 
IQR ; 0.38170 
0.001481 0.798518 CY. : 0.66217 


x =0.2,[" ABQ A, JO" dex, 


= [oe 0.6°°* dx, = 1/2.8271477494(numerical analysis), 


(2-3) x1=0.5, 
f(x2|x1), F(x2|x1) Coefficient 
sams aaa ice Mathematical Mean: 0.22723 
Geometrical Mean : 0.15976 
Harmonic Mean : 0.01920 
Variance : 0.02052 
S.D. : 0.14326 
Skewed Coef. : 0.18990 
Kurtosis Coef. — : 1.84970 
0.000926 Taev0rs MAD is 0.12371 
a dail =0.500000) Range . 0.50000 
Mid_range : 0.25000 
Median : 0.21611 
Ql : 0.10162 
Q2 : 0.21611 
Q3 : 0.34702 
. TOR ‘ 0.24540 
0.000926 o.4g9074 C.V. : 0.63048 


=(5, i (1A, )* * dx, =f 0.2"0.6°° ? dx, =1/3.3557494792(numerical 


analysis), 
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(2-4) x1=0.8, 


f(x2|x1), F(x2|x1) Coefficient 
sic  dciamieanatd nee enue Mathematical Mean: 0.09636 
Geometrical Mean : 0.06960 
Harmonic Mean 0.00979 
Variance 0.00333 
S.D. 0.05767 
Skewed Coef. 0.07584 
: Kurtosis Coef. 1.80779 
° on 800000) pia MAD 0.04992 
Range 0.20000 
Mid_range 0.10000 
Median 0.09454 
Ql 0.04604 
Q2 0.09454 
Q3 0.14576 
x2 IQR 0.09973 
0.000370 0.199630 C.V. 0.59854 
1-4 Xx. l—x-% 
x, =0.8,[ "az (1-4, Jo" dx, 
0.2 
= i 0.2"0.6°” dx, = 1/6.1684864632(numerical analysis), 
(2-5) x1=0.99, 
f(x2|x1), F(x2|x 1) Coefficient 
miieasaaad. ee Mathematical Mean: 0.00499 
a Geometrical Mean : 0.00367 
Harmonic Mean 0.00054 
Variance 0.00001 
S.D. 0.00289 
Skewed Coef. 0.00376 
Kurtosis Coef. 1.80001 
0.000019 mien MAD 0.00250 
‘(<2/x1=0.990000) Range 0.01000 
Mid_range 0.00500 
Median 0.00499 
Ql 0.00249 
Q2 0.00499 
Q3 0.00749 
IQR : 0.00500 
0.000019 re C.V. + hone 


x, =0.99,[- "a2 (1-4, J" dx, 


2 ["'0.2" 0.6 dx, = 1/101.0652638264(numerical analysis), 
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(3) A,=0.8, A,=0.12, 


(3-1) x1=0, 
f(x2|x1), F(x2|x1) Coefficient 
ieee renee nee eaon Mathematical Mean: 0.53374 
et Geometrical Mean : 0.40612 
Harmonic Mean : 0.06393 
Variance : 0.08267 
S.D. : 0.28752 
Skewed Coef. 4 -0.14051 
Kurtosis Coef. — : 1.82713 
0.001852 Taoe148 MAD . 0.24861 
fee Range : 1.00000 
Mid_range : 0.50000 
Median : 0.55040 
Ql : 0.29048 
Q2 3 0.55040 
Q3 : 0.78549 
i IQR : 0.49500 
0.001852 0.998148 C.V. : 0.53868 


x =0,["" AEA, JO" dx, 


= [ 0.12"0.08'” dx, = 1/10.136627947 1 (numerical analysis), 


(3-2) x1=0.2, 
f(x2|x1), F(x2|x1) Coefficient 
a al ones cee Mathematical Mean: 0.42164 
Geometrical Mean : 0.31868 
Harmonic Mean ; 0.05109 
Variance : 0.05306 
S.D. : 0.23036 
Skewed Coef. : -0.11250 
Kurtosis Coef. — : 1.81743 
0.001482 Trausts MAD : 0.19929 
“vf Range : 0.80000 
Mid_range : 0.40000 
Median : 0.43235 
Ql : 0.22564 
Q2 : 0.43235 
Q3 : 0.62309 
25 IQR : 0.39745 
0.001482 0.798519 C.V. : 0.54633 


1% Xp 1-x,—x 0.8 Xy 0.8—x, : 
x, =0.2,[ ap(l-a,) "dx, = [0.120.089 dx, = 1/7.9817702346(numerica 


1 analysis), 


(3-3) x1=0.5, 
f(x2|x1), F(x2|x1) Coefficient 
a ei eae ee Mathematical Mean: 0.25849 
Geometrical Mean : 0.19339 
Harmonic Mean i 0.03086 
Variance : 0.02080 
S.D. : 0.14421 
Skewed Coef. 4 -0.07054 
Kurtosis Coef. — : 1.80676 
0.000926 Taaaar4 MAD . 0. 12484 
‘(¢2pe1=0.500000) Range : 0.50000 
Mid_range : 0.25000 
Median : 0.26271 
Ql : 0.13483 
Q2 : 0.26271 
Q3 ‘ 0.38428 
IQR ; 0.24945 
0.000926 o.4ggo74 C.V. : 0.55789 


x =0.5,[ "ae (I-A,)o"* de, 


- [°o. 12°0.08°° ? dx, = 1/6.3785022548(numerical analysis), 
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(3-4) x1=0.8, 


f(x2|x1), F(x2|x 1) Coefficient 
bec aai! ane Mathematical Mean: 0.10136 
aa Geometrical Mean : 0.07508 
Harmonic Mean 0.01078 
Variance 0.00333 
S.D. 0.05773 
Skewed Coef. -0.02819 
Kurtosis Coef. 1.80092 
0.000370 misonan MAD 0.04999 
va (2hc1=0.800000) Range 0.20000 
Mid_range 0.10000 
Median 0.10203 
Ql 0.05154 
Q2 0.10203 
Q3 0.15151 
IQR 0.09997 
0.000370 0.199630 C.V. 0.56956 
1-4 Xx. lay % 
x, =0.8,[° Az(1-A, Jo dx, 
0.2 
= i, 0.1270.08°? dx, =1/7.9547016206(numerical analysis), 
(3-5) x1=0.99, 
f(x2|x1), F(x2|x 1) Coefficient 
a \ eeuaoaaeu iene Mathematical Mean: 0.00500 
Geometrical Mean : 0.00368 
Harmonic Mean 0.00055 
Variance 0.00001 
S.D. 0.00289 
Skewed Coef. -0.00166 
Kurtosis Coef. 1.79986 
0.000019 0. 700081 MAD 0.00250 
a ( 990000) Range 0.01000 
Mid_range 0.00500 
Median 0.00501 
Ql 0.00250 
Q2 0.00501 
Q3 0.00751 
IQR : 0.00500 
0.000019 0 ce C.V. > none 


x; = 0.99, (ie iS (1 _ Ay ys —X dx, 


= [0 12"0.08°°'™ dx, = 1/102.3501187054(numerical analysis), 
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Chapter 10, The Continuous Trinomial distribution and trial 
number=n, 


Section 1, The joint probability density function, 
The function setting, 


fx,.x, (x, X75 AA, ) = C(n, AA, Yai Ay (1 —A, -A, ie or 
O<x, <nO0<x, <nO0<x, +x, <n0<d, <L0<4, <10<4,4+4, <1 
Fr, (x, MAA, ) a [- C(n,A, A, ya Ay (1 —A,-A, re dx,, 
Fy (0i, A A,)=[" "C(t A Ay MARL A, AO" de, 
AaB (L-A4,-A4,)""” 

Frain (x,|x, )= = ; ( 2 a 

i, Ay (1 —4,~ Ay if "dx, 
A; (1 = A, = A, ye he 


ical) N-X> es 
A; (I-A, —A, y’ 7 dx, 


PUSS eG (a 


VEX Sn SX; 
0 
C (n, A, A) could be computed using numerical analysis only. 


The marginal probability distributions of X, and X, are not the continuous 
binomial distribution. 
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Section 2, The simulation method, 


(1)The simulator, 
The joint probability density function can not be found using transformation, but the 
probability distribution simulator can compute this function. 
The method is 
(x we X41 ) (x 12°99 ae ( Mew ay ) are independent paired random variables, 
(x ee oe ) ~ Continuous trinomial distribution(A,,4,) and trial number=1, 
i= 1,2... 
Let X,= XX) = YX, ? 
i=l i=l 
(x (eX 2) ~ Continuous trinomial distribution (A, ae) and trial number=n. 
The simulated process, 
(i) Getting the database of (x ive X a) using the numerical analysis and random 
number simulator. [(x 9X a) (x fos X95 eas igoee 2) are same distribution] 
(ii) Repeat n times using the random number and taking the paired data of (x ie oe ), 
the summation of the 1“ part (X,,) is the sample data of X, and the summation of 
the 2" part (X,,) is the sample data of X,. 
(i11)Finished 100,000,000 times of process (ii), the new database of (x ea 3) can 
represent the Continuous trinomial distribution (A, aes) and trial number=n. 
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(2) The joint probability distribution and marginal probability distribution, 
(1)The joint probability distribution of (x,, x, )’,n=2, 
(1-1) A, =0.3333, A, =0.3333, 


f(x1,x2) F(x1,x2) 


Fandom vector (1,2) random vector (<1,X2) 
pint pdf image joint pat image 


E(X1)= 0.6670, Var(X1)= 0.1112, E(X2)= 0.6663, Var(X2)= 0.1111, 
Cov(X1,X2)= -0.0556, X1 and X2 correlation coefficient=-0.5001. 


f(x1), F(x1) Coefficient 
fom) ew aletpiaion Mathematical Mean: 0.66696 
tinea Geometrical Mean : 0.56672 
Harmonic Mean : 0.42307 
Variance : 0.11123 
S.D. : 0.33351 
Skewed Coef. : 0.40035 
Kurtosis Coef. — : 2.70107 
0.003753 1 senna? MAD : 0.27229 
ony Range : 1.99970 
a Mid_range : 0.99990 
Median ‘ 0.64245 
Ql : 0.41110 
Q2 : 0.64245 
Q3 : 0.89175 
IQR : 0.48065 
0.003753 4 ane CV. : 0.50005 
f(x2), F(x2) Coefficient 


Mathematical Mean: 0.66634 
in Geometrical Mean : 0.56614 
Harmonic Mean : 0.42208 
Variance 0.11109 
S.D. : 0.33330 
Skewed Coef. : 0.40074 
Kurtosis Coef. — : 2.70103 
MAD : 0.27212 


0.003731 1.984369 
2) 


wid Range : 1.98800 
Mid_range : 0.99405 
Median : 0.64180 
Ql : 0.41065 
Q2 : 0.64180 
Q3 ; 0.89100 
IQR : 0.48035 


0.003731 1.984369 C.V. : 0.50020 
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d1=X1-X2, 


f(d1), F(d1) Coefficient 
re new clesiburen Mathematical Mean: 0.00062 
eT Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.33351 
S.D. 0.57750 
Skewed Coef. 0.00010 
Kurtosis Coef. 2.70089 
1.976573 7392929 MAD 0.46677 
sail Range 3.98365 
Mid_range 0.00787 
Median 0.00070 
Ql -0.40215 
Q2 0.00070 
Q3 0.40340 
r IQR ; 0.80555 
1.976573 1.992323 C.V. : none 
(1-2) A,=0.1, 4,=0.1, 
f(x1,x2) F(x1,x2) 


random vector (Xt X2) 


joint pat image 


random vector (1 22) 
Joint pafimage 


Tandom vector (1,2) 
Joint per image 


Joint par image 


random vector (Ct X2) 


1.957793 


E(X1)= 0.5394, Var(X1)= 0.0915, E(X2)= 0.5392, Var(X2)= 0.0915, 
Cov(X1,X2)= -0.0270, X1 and X2 correlation coefficient=-0.2945. 


f(x1), F(x1) Coefficient 
‘ie re ceunes Mathematical Mean: 0.53939 
ah Geometrical Mean : 0.44218 
Harmonic Mean 0.31248 
Variance 0.09155 
S.D. 0.30257 
Skewed Coef. 0.62224 
Kurtosis Coef. 3.02668 
0.003734 1 cae MAD 0.24585 
‘ial Range 1.96260 
Mid_range 0.98140 
Median 0.50055 
Ql 0.30365 
Q2 0.50055 
Q3 0.73585 
" IQR 0.43220 
0.003734 1.959066 C.V. 0.56094 
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f(x2), F(x2) Coefficient 
"iad eee Mathematical Mean: 0.53916 
eel Geometrical Mean : 0.44199 
Harmonic Mean 0.31267 
Variance 0.09147 
S.D. 0.30244 
Skewed Coef. 0.62212 
Kurtosis Coef. 3.02647 
0.003834 1 a MAD 0.24575 
nae f° Range 1.96230 
Mid_range 0.98135 
Median 0.50035 
Ql 0.30350 
Q2 0.50035 
Q3 0.73545 
IQR 0.43195 
0.003834 1 en CV. 0.56095 
d1=X1-X2, 
f(d1), F(d1 Coefficient 
“a re nena Mathematical Mean: 0.00023 
i, Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.23692 
S.D. 0.48675 
Skewed Coef. 0.00074 
Kurtosis Coef. 2.95772 
“1.941538 7rase688 MAD 0.38771 
‘a Range 3.89465 
Mid_range -0.00143 
Median 0.00020 
Ql -0.32585 
Q2 0.00020 
Q3 0.32620 
at IQR : 0.65205 
1.941538 1.938688 C.V. : none 
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(2)The joint probability distribution of (x,, x, )’,n=5, 
(2-1) 4,=0.3333, A,=0.3333, 


f(x1, 2 


yector 01,2) 


E(X1)= 1.6670, Var(X1)= 0.2779, E(X2)= 1.6668, Var(X2)= 0.2776, 
Cov(X1,X2)= -0.1389, X1 and X2 correlation coefficient=-0.5000. 


f(x1), F(x1) Coefficient 


hal new iistibiton Mathematical Mean: 1.66705 


aes Geometrical Mean : 1.57712 
Harmonic Mean : 1.47559 
Variance : 0.27791 
S.D. ‘ 0.52717 
Skewed Coef. ¢ 0.25286 
Kurtosis Coef. — : 2.87998 
MAD : 0.42401 


or 7302602 


aa Range : 4.54815 
Mid_range : 2.31685 

Median : 1.64367 

Ql : 1.29127 

Q2 : 1.64367 

Q3 : 2.01747 

; IQR : 0.72620 


0.051197 4.582502 C.V. : 0.31623 


f(x2), F(x2) Coefficient 


10¢2) new distribution 


ale Mathematical Mean: 1.66678 
Geometrical Mean : 1.57695 
Harmonic Mean i 1.47549 
Variance : 0.27756 
S.D. : 0.52684 
Skewed Coef. : 0.25274 
Kurtosis Coef. — : 2.88158 
MAD : 0.42367 


noe 4.363771 


si Range : 4.32205 
Mid_range : 2.20075 

Median : 1.64352 

Ql : 1.29112 

Q2 : 1.64352 

Q3 : 2.01682 

7 IQR : 0.72570 


0.047729 4.353771 C.V. : 0.31608 
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d1=X1-X2, 
f(d1), F(d1) 


Coefficient 


fal) new distribution 
0.431149, 


1 
4.189042 4.423142 
(a1) 


1 


4.189042 4423142 


Mathematical Mean: 
Geometrical Mean : none 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 


: hone 


CV. : none 


0.00027 


0.83322 
0.91281 
0.00036 
2.88168 
0.73193 
8.64420 
0.11705 
0.00015 
-0.62330 
0.00015 
0.62375 
1.24705 


(2-2) A,=0.2, A,=0.2, 


f(x1,x2) 


Fandom vector (x12) 
joint pdf image 


1041 X2 


4410738 


random vector (1 2) 
Joint pot image 


E(X1)=.5045, Var(X1)= 0.2547, E(X2)= 1.5043, Var(X2)= 0.2547, 
Cov(X1,X2)= -0.0991, X1 and X2 correlation coefficient=-0.3890. 


f(x1), F(x1) 


Coefficient 


To) new distribution 
07781 


1 
0.054178 4.413572 


1 


0.054178 4.413572 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 

Range 

Mid_range 

Median 

Ql 


1.50455 
1.41367 
1.31136 
0.25473 
0.50471 
0.32150 
2.93495 
0.40565 
4.37560 
2.23387 
1.47622 
1.14162 
1.47622 
1.83612 
0.69450 
0.33545 
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f(x2), F(x2) Coefficient 
ae Mathematical Mean: 1.50432 
oo Geometrical Mean : 1.41346 
Harmonic Mean ; 1.31120 
Variance : 0.25466 
S.D. : 0.50464 
Skewed Coef. : 0.32207 
Kurtosis Coef. — : 2.93587 
0.048766 4.374584 MAD 5 0.40559 
cal? Range : 4.34190 
Mid_range : 2.21167 
Median : 1.47567 
Ql : 1.14157 
Q2 : 1.47567 
Q3 : 1.83587 
IQR ; 0.69430 
0.048766 4.374594 CV. : 0.33546 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
ae aw dentin Mathematical Mean: 0.00023 
ey Geometrical Mean : none 
Harmonic Mean : none 
Variance : 0.70757 
S.D. ; 0.84117 
Skewed Coef. : -0.00050 
Kurtosis Coef. — : 2.92547 
-4.105445 4 ee MAD : 0.673 1 9 
the sa Range : 8.37270 
Mid_range : 0.06540 
Median 4 0.00045 
Ql : -0.57145 
Q2 : 0.00045 
Q3 : 0.57195 
IQR : 1.14340 
-4.105445 4 rn CV. : none 


(2-3) A,=0.4, 4,=0.4, 


f(x1,x2) 


Tandom vector (X12) 


joint pa image 


random vector 0¢t <2) 
joint pdf image 


ra x ap 
n 
e 


4404645 


E(X1)= 1.7587, Var(X1)= 0.2896, E(X2)= 1.7583, Var(X2)= 0.2896, 
Cov(X1,X2)= -0.1644, X1 and X2 correlation coefficient=-0.5678. 
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f(x1), F(x1) Coefficient 
ies ew ulstibuton Mathematical Mean: 1.75866 
ad i Geometrical Mean : 1.66962 
Harmonic Mean 1.56896 
Variance 0.28961 
S.D. 0.53815 
Skewed Coef. 0.21500 
Kurtosis Coef. 2.85198 
0.072082 ran MAD 0.43301 
on) Range 4.43185 
* Mid_range 2.27980 
Median 1.73837 
Ql 1.37637 
Q2 1.73837 
Q3 2.11862 
IQR 0.74225 
1 CV. 0.30600 
0.072082 4.487518 
f(x2), F(x2) Coefficient 
a re eae Mathematical Mean: 1.75826 
Geometrical Mean : 1.66921 
Harmonic Mean 1.56855 
Variance 0.28959 
S.D. 0.53814 
Skewed Coef. 0.21572 
Kurtosis Coef. 2.85394 
0.059065 4.465435 MAD 0.43296 
ie [? Range 4.42275 
Mid_range 2.26225 
Median 1.73797 
Ql 1.37602 
Q2 1.73797 
Q3 2.11797 
‘ TOR 0.74195 
0.059065 4.465435 CV. 0.30606 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
ee eee Mathematical Mean: 0.00040 
aha Geometrical Mean : none 
Harmonic Mean : none 
Variance 0.90807 
S.D. 0.95293 
Skewed Coef. -0.00035 
Kurtosis Coef. 2.85514 
4.263604 4 n808 MAD 0.76509 
on Range 8.58400 
Mid_range 0.01250 
Median 0.00030 
Ql -0.65260 
Q2 0.00030 
Q3 0.65355 
IQR : 1.30615 
at C.V. : none 


-4.263604 4.288604 
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(3)The joint probability distribution of (x,, x, )’,n=10, 
(3-1) 4, =0.3333, A, =0.3333, 


f(x1,x2) 


7.968918 


1 


7876366 


' 808 G1 XZ) 
tando ) age ran nge man 
d no ‘an 0 
rea ts al 0 : e 


7a74366 


random vector 01,2) 


joint pdf image 


E(X1)= 3.3344, Var(X1)= 0.5561, E(X2)= 3.3322, Var(X2)= 0.5554, 
Cov(X1,X2)= -0.2780, X1 and X2 correlation coefficient=-0.5003. 


new distribution 


seals Mathematical Mean: 3.33442 
Geometrical Mean : 3.24789 
Harmonic Mean 4 3.15654 
Variance : 0.55608 
S.D. : 0.74570 
Skewed Coef. : 0.17912 
Kurtosis Coef. — : 2.94022 

} MAD : 0.59732 


0.412606 7.679094 
q 


‘wil Range ; 7.29350 
Mid_range : 4.04585 

Median : 3.31160 

Ql : 2.81380 

Q2 : 3.31160 

Q3 : 3.83015 

IQR : 1.01635 


0.412606 7.679094 CV. : 0.22364 


f(x1), F(x1) Coefficient 


f(x2), F(x2) Coefficient 


10(2) new distribution 


sulle Mathematical Mean: 3.33218 
Geometrical Mean : 3.24569 
Harmonic Mean : 3.15438 
Variance : 0.55536 
S.D. : 0.74523 
Skewed Coef. : 0.17876 
Kurtosis Coef. — : 2.93995 

z MAD : 0.59693 


0.446701 7.871749 


“al Range : 7.45265 
Mid_range : 4.15922 
Median : 3.30945 
Ql : 2.81185 
Q2 : 3.30945 
Q3 : 3.82755 
IQR é 1.01570 
A CV. 7 


0.446701 7.871749 0.22365 
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d1=X1-X2, 
f(d1), F(d1) 


Coefficient 


(a1) new distribution 


Mathematical Mean: 0.00225 
ep Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.66751 
S.D. 1.29132 
Skewed Coef. 0.00024 
Kurtosis Coef. 2.93950 
-6.859039 6. 455039 MAD 1 .03296 
a4 bas Range 13.69480 
Mid_range -0.03700 
Median 0.00230 
Ql -0.87455 
Q2 0.00230 
Q3 0.87890 
r TOR i 1.75345 
-6,959039 6.795039 C.V. : none 
(3-2) A,=0.1, 2,=0.1, 
F(x1,x2) 


f(x1 »X2) 


Tandom vector C1 Xa) 
joint pdf image 


E(XD= 2.6961, Var(X1)= 0.4576, E(X2)= 


2.6959, Var(X2)= 0.4576, 
Cov(X1,X2)= -0.1348, X1 and X2 correlation coefficient=-0.2946. 


f(x1), F(x1) 


Coefficient 


foc) new distribution 
a seas 


J 
0.259375 7.078325 


4 


0.259375 7.078326 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 


2.69606 
2.60840 
2.51601 
0.45759 
0.67645 
0.27868 
3.00637 
0.54137 
6.84430 
3.66885 
2.66380 
2.21830 
2.66380 
3.13860 
0.92030 
0.25090 
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f(x2), F(x2) 


Coefficient 


te) new dlsimution Mathematical Mean: 2.69588 
mane Geometrical Mean : 2.60822 
Harmonic Mean 2.51582 
Variance 0.45756 
S.D. 0.67643 
Skewed Coef. 0.27836 
Kurtosis Coef. 3.00542 
0.266785 aie MAD 0.54138 
ale Range 6.87705 
Mid_range 3.69257 
Median 2.66360 
Ql 2.21815 
Q2 2.66360 
Q3 3.13845 
IQR 0.92030 
0.266785 ane CV. 0.25091 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
rn new alenibuton Mathematical Mean: 0.00018 
i Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.18476 
S.D. 1.08847 
Skewed Coef. 0.00021 
a Kurtosis Coef. 2.99187 
rear 6.111007 MAD 0.86870 
100 } Range 12.57820 
Mid_range -0.15480 
Median 0.00020 
Ql -0.73445 
Q2 0.00020 
Q3 0.73460 
6.420607 6 ati IQR . 1.46905 
CV. : none 


(3-3) 2,=0.2, 2,=0.2, 


f(x1,x2) 


0273 
414140 
0 


Red area is the pat! 
Blac 


random vector (C12) 
joint pdf image 


7196010 


E(X1)= 3.0089, Var(X1)= 0.5094, E(X2)= 3.0069, Var(X2)= 0.5089, 
Cov(X1,X2)= -0.1980, X1 and X2 correlation coefficient=-0.3890. 
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f(x1), F(x1) Coefficient 
ve ew dishinuton Mathematical Mean: 3.00886 
se b Geometrical Mean : 2.92119 
Harmonic Mean 2.82866 
Variance 0.50941 
S.D. 0.71373 
Skewed Coef. 0.22809 
Kurtosis Coef. 2.96787 
0.409722 aantie MAD 0.57153 
tole Range 6.81595 
Mid_range 3.80507 
Median 2.98095 
Ql 2.50745 
Q2 2.98095 
Q3 3.47975 
: IQR 0.97230 
0.409722 7.200428 C.V. 0.23721 
f(x2), F(x2) Coefficient 
i, nee aoe Mathematical Mean: 3.00691 
alia Geometrical Mean : 2.91925 
Harmonic Mean 2.82672 
Variance 0.50886 
S.D. 0.71334 
Skewed Coef. 0.22690 
Kurtosis Coef. 2.96726 
0.219076 eae0sr4 MAD 0.57125 
Fo Range 7.00725 
my Mid_range 3.70972 
Median 2.97920 
Ql 2.50590 
Q2 2.97920 
Q3 3.47770 
IQR 0.97180 
2 CV. 0.23723 
0.219076 7.200374 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
fat) new aletbution Mathematical Mean: 0.00195 
eT Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.41436 
S.D. 1.18927 
Skewed Coef. 0.00103 
Kurtosis Coef. 2.96168 
-6.143549 ancnsis MAD 0.95044 
ale Range 12.28560 
Mid_range -0.02350 
Median 0.00185 
Ql -0.80370 
Q2 0.00185 
Q3 0.80710 
IQR : 1.61080 
-6.143549 ae CV. +s none 
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(3-4) A,=0.3, 2,=0.3, 


vector 01 32) Fandom vector OC Xa) 
image joint pdf image 


f(x1,x2) F(x1,x2) 


Fed x2) 


7360831 


7368831 
Fandom vector (1,2) 
Joint pdt image 


random vector (1 2) 
Joint pdf image 


E(X1)= 3.2534, Var(X1)= 0.5454, E(X2)= 3.2520, Var(X2)= 0.5443, 
Cov(X1,X2)= -0.2571, X1 and X2 correlation coefficient=-0.4720. 


f(x1), F(x1) Coefficient 
‘iia nee aon Mathematical Mean: 3.25336 
ae Geometrical Mean : 3.16642 
Harmonic Mean : 3.07463 
Variance : 0.54539 
S.D. : 0.73850 
Skewed Coef. : 0.19132 
Kurtosis Coef. — : 2.94683 
0.451466 a araal MAD : 0.59147 
4s ii Range : 6.94760 
Mid_range : 3.91240 
Median : 3.22905 
Ql : 2.73705 
Q2 : 3.22905 
Q3 : 3.74330 
IQR : 1.00625 
0.451466 sper CV. : 0.22700 
f(x2), F(x2) Coefficient 


10«2) new distribution 


Mathematical Mean: 3.25200 
asl Geometrical Mean : 3.16519 
Harmonic Mean : 3.07353 
Variance : 0.54431 
S.D. : 0.73777 
Skewed Coef. : 0.19064 
Kurtosis Coef. — : 2.94644 
2 MAD : 0.59088 


0.374734 7.655816 


02) Range : 7.30815 
m Mid_range ; 4.01527 

Median : 3.22800 

Ql : 2.73625 

Q2 : 3.22800 

Q3 : 3.74145 

IQR : 1.00520 
a CV. : 0.22687 


0.374734 7.655816 
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d1=X1-X2, 
f(d1), F(d1) 


Coefficient 


f(d1) new distribution 


Mathematical Mean: 0.00136 

0.313232 rt 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.60398 
S.D. 1.26648 
Skewed Coef. 0.00083 
Kurtosis Coef. 2.94676 

Boor Tiaas MAD 1.01271 

at Range 13.01660 
Mid_range -0.17275 
Median 0.00105 
Ql -0.85760 
Q2 0.00105 
Q3 0.86025 

. TOR i 1.71785 
-6.656945 6.311445 C.V. : none 
(3-5) 4,=0.4, A,=0.4, 
f(x1,x2) F(x1,x2) 
ran wector OC 2) random vector (<1,2) 
Joint pat image Joint paf image 


random vector (1,2) 
joint pdf image 


FOC x2) 


random vector Q¢1 2) 


random vector (<1 2) range map 
Red area is the pais great than 0 
Black area is the pais eqal 0 


joint pdfimage 


7.562934 


E(X1)= 3.5176, Var(X1)= 0.5791, E(X2)= 


3.5161, Var(X2)= 0.5790, 


Cov(X1,X2)= -0.3287, X1 and X2 correlation coefficient=-0.5677. 


f(x1), F(x1) 


Coefficient 


fo) new distribution 


0.520046 


4 
0.387995 7.567605 


4 


0.387995 7.567605 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 

Range 

Mid_range 

Median 

Ql 


3.51759 
3.43210 
3.34184 
0.57910 
0.76098 
0.15275 
2.92882 
0.60965 
7.20630 
3.97780 
3.49780 
2.98795 
3.49780 
4.02560 
1.03765 
0.21634 
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f(x2), F(x2) Coefficient 
ie ew aletabution Mathematical Mean: 3.51609 
aa Geometrical Mean : 3.43058 
Harmonic Mean 3.34031 
Variance 0.57901 
S.D. 0.76093 
Skewed Coef. 0.15294 
Kurtosis Coef. 2.92712 
o.saan5 ache MAD 0.60963 
02) Range 7.08230 
es Mid_range 4.02225 
Median 3.49615 
Ql 2.98645 
Q2 3.49615 
Q3 4.02385 
IQR 1.03740 
2 CV. 0.21641 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
oe - eee Mathematical Mean: 0.00150 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 1.81558 
S.D. 1.34743 
Skewed Coef. -0.00007 
Kurtosis Coef. 2.92918 
6.645044 Pisaao4 MAD 1.07831 
i Range 13.15215 
Mid_range -0.09332 
Median 0.00185 
Ql -0.91405 
Q2 0.00185 
Q3 0.91735 
IQR : 1.83140 
-6.645044 6 ‘sink C.V. none 


(3-6) A,=0.48, 2,=0.48, 


f(x1,x2) 


random vector 01,2) 
joint pdf image 


tor O¢1 22) range map 
0 


7990456 


random vector (¢1 2) 
Joint pdf image 


E(X1)= 3.8992, Var(X1)= 0.6245, E(X2)= 3.8966, Var(X2)= 0.6246, 
Cov(X1,X2)= -0.4476, X1 and X2 correlation coefficient=-0.7167. 
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f(x1), F(x1 


Coefficient 


fo) new distribution 


Mathematical Mean: 3.89918 
nea Geometrical Mean : 3.81589 
Harmonic Mean 3.72798 
Variance 0.62455 
S.D. 0.79028 
Skewed Coef. 0.10165 
Kurtosis Coef. 2.90851 
0.525484 Tee MAD 0.63328 
jal Range 7.49760 
Mid_range 4.26040 
Median 3.88555 
Ql 3.35285 
Q2 3.88555 
Q3 4.43055 
IQR 1.07770 
or afer CV. 0.20268 
f(x2), F(x2 Coefficient 
iia eee Mathematical Mean: 3.89656 
we Geometrical Mean : 3.81320 
Harmonic Mean 3.72521 
Variance 0.62461 
S.D. 0.79032 
Skewed Coef. 0.10178 
Kurtosis Coef. 2.90877 
osooamz 70040 MAD 0.63332 
4.00 Range 7.29105 
Mid_range 4.31882 
Median 3.88285 
Ql 3.35005 
Q2 3.88285 
Q3 4.42810 
2 IQR 1.07805 
0.686802 7.950848 C.V. 0.20283 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
Hd new erewen Mathematical Mean: 0.00262 
ies Geometrical Mean : none 
Harmonic Mean 
Variance 2.14439 
S.D. 1.46437 
Skewed Coef. -0.00029 
Kurtosis Coef. 2.90923 
-6.946253 067203 MAD 1.17290 
ale Range 14.06555 
Mid_range 0.06048 
Median 0.00250 
Ql -0.99475 
Q2 0.00250 
Q3 1.00000 
IQR 1.99475 
‘ C.V. 


~8.946253 7.067203 
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(3-7) A,=0.1, 4,=0.5, 


6472003 


randorn vector (Xt x2) 


joint potimage Fandom vector O¢t 2) 


Joint pdf image 


E(X1)= 2.5899, Var(X1)= 0.4332, E(X2)= 3.8154, Var(X2)= 0.6118, 
Cov(X1,X2)= -0.2269, X1 and X2 correlation coefficient=-0.4408. 


f(x1), F(x1) Coefficient 


101) new distribution 


Mathematical Mean: 2.58988 
at Geometrical Mean : 2.50362 
Harmonic Mean : 2.41281 
Variance : 0.43316 
S.D. 3 0.65815 
Skewed Coef. : 0.29429 
Kurtosis Coef. — : 3.01957 
1 MAD : 0.52660 


0.260254 6.476046 


oct) Range : 6.23890 
a Mid_range : 3.36815 
Median : 2.55645 
Ql : 2.12450 
Q2 : 2.55645 
Q3 : 3.01905 
IQR : 0.89455 
: CV. : 0.25412 


0.260254 6.476046 


f(x2), F(x2) Coefficient 
"i pede Mathematical Mean: 3.81536 
cad i Geometrical Mean : 3.73203 
Harmonic Mean : 3.64409 
Variance : 0.61176 
S.D. : 0.78215 
Skewed Coef. : 0.11222 
Kurtosis Coef. — : 2.91218 
0.606403 E te MAD : 0.62674 
vale Range : 7.39965 
| Mid_range : 4.29252 
Median 4 3.80035 
Ql : 3.27385 
Q2 : 3.80035 
Q3 : 4.34060 
IQR : 1.06675 
0.606403 Fae CV. : 0.20500 
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d1=X1-X2, 
f(d1), F(d1) 


f(t) 
0.32371 


-7.348724 


new distribution 


1 
5.200524 


(1) 
4.00 
1 


-7.348724 


5.200524 


Coefficient 
Mathematical Mean: -1.22549 
Geometrical Mean : none 
Harmonic Mean : none 
Variance : 1.49870 
S.D. : 1.22421 
Skewed Coef. 0.04863 
Kurtosis Coef. 2.95315 
MAD : 0.97882 
Range : 12.59590 
Mid_range -1.07410 
Median H -1.23550 
Ql : -2.06105 
Q2 : -1.23550 
Q3 : -0.40100 
IQR ; 1.66005 
CV. : none 


(3-8) A, =0.01, 


A, =0.95, X1 and X2 two tailed probability removing 0.002, 


f(x1,x2) 


F(x1,x2) 


Fandom vector Oct ca) 
joint pef image 


8g8a4tg 


§661935 


Tandom vector Oct 2) 
joint pafimage 


5.661935 


random vector (1,X2) 
Joint paf image 


E(X1)= 1.8807, Var(X1)= 0.2880, E(X2)= 5.6784, Var(X2)= 0.5968, 
Cov(X1,X2)= -0.2334, X1 and X2 correlation coefficient=-0.5631. 


f(x1), F(x1) 


1x1) 
0.750091 


0.219572 
FOC) 
1.00 


0.219572 


new distribution 


1 
5.065477 


a7 


5.085477 


Coefficient 
Mathematical Mean: 1.88071 
Geometrical Mean : 1.80270 
Harmonic Mean 1.72138 
Variance : 0.28797 
S.D. : 0.53663 
Skewed Coef. 0.42748 
Kurtosis Coef. 3.17011 
MAD : 0.42840 
Range : 5.46615 
Mid_range 2.94252 
Median : 1.84120 
Ql : 1.49640 
Q2 : 1.84120 
Q3 : 2.22240 
IQR : 0.72600 
CV. : 0.28533 
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f(x2), F(x2) Coefficient 
1002) new distribution Mathematical Mean: 5.67838 
oh Geometrical Mean : 5.62389 
Harmonic Mean 5.56699 
Variance 0.59679 
S.D. 0.77252 
Skewed Coef. -0.12922 
Kurtosis Coef. 2.92499 
1.582479 aaaniys MAD 0.61878 
sae [ee Range 7.33285 
Mid_range 5.23532 
Median 5.69560 
Ql 5.16115 
Q2 5.69560 
Q3 6.21400 
IQR 1.05285 
1.682479 sami CY. 0.13605 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
ee ney clean Mathematical Mean: -3.79767 
0.341693 ¢ 
Geometrical Mean : none 
Harmonic Mean : none 
Variance f 1.35166 
S.D. 1.16261 
Skewed Coef. 0.21311 
Kurtosis Coef. 2.99849 
Br 3802336 MAD 0.92944 
ea ile Range 11.99535 
Mid_range -2.47312 
Median -3.83975 
Ql -4.60870 
Q2 -3.83975 
Q3 -3.03215 
i‘ IQR : 1.57655 
8.448586 3.502336 C.V. : hone 
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(4)The joint probability distribution of (x,, x, )’,n=20, 


(4-1) A, =0.3333, A, =0.3333, 


F(x1,x2) 


12440015 


random vector (1 2) 
joint pat image 


random vector 012) 
Joint pat image 


FOX x2) 


12440815 


E(X1)= 6.6682, Var(X1)= 1.1113, E(X2)= 6.6669, Var(X2)= 1.1107, 
Cov(X1,X2)= -0.5557, X1 and X2 correlation coefficient=-0.5002. 


f(x1), F(x1) Coefficient 
ii how cieninion Mathematical Mean: 6.66816 
i Geometrical Mean : 6.58329 
Harmonic Mean 6.49623 
Variance 1.11129 
S.D. 1.05418 
Skewed Coef. 0.12570 
Kurtosis Coef. 2.96752 
2.112061 eee MAD 0.84281 
a Range 10.37390 
| Mid_range 7.27980 
Median 6.64590 
Ql 5.94110 
Q2 6.64590 
Q3 7.37085 
IQR 1.42975 
2am a CV. 0.15809 
f(x2), F(x2) Coefficient 
hes tay diemeuion Mathematical Mean: 6.66686 
ay Geometrical Mean : 6.58202 
Harmonic Mean 6.49498 
Variance 1.11074 
S.D. 1.05392 
Skewed Coef. 0.12604 
Kurtosis Coef. 2.96848 
2.052822 12. cere MAD 0.84260 
iol Range 10.59575 
Mid_range 7.33107 
Median 6.64410 
Ql 5.94030 
Q2 6.64410 
Q3 7.36935 
. IQR 1.42905 
2.052822 12.609328 C.V. 0.15808 
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d1=X1-X2, 


f(d1), F(d1) Coefficient 
oe bd ae Mathematical Mean: 0.00130 
nl Geometrical Mean : none 
Harmonic Mean : none 
Variance : 3.33344 
S.D. : 1.82577 
Skewed Coef. -0.00002 
Kurtosis Coef. 2.96763 
-9,588232 worr32 MAD : 1.45871 
sigs Range : 18.85580 
Mid_range -0.19525 
Median H 0.00135 
Ql : -1.23410 
Q2 ; 0.00135 
Q3 : 1.23705 
IOR : 2.47115 
9.588232 9. fe CV. : none 
(4-2) 2,=0.1, 4,=0.1, 
F(x1,x2) 


147650) 
1 404766 
og 
random vector O¢t 2) range map 
Red area is the pdfs greatthan 0 


random vector (Ct C2) 
Joint pat image 


Fandom vector 01,2) 
joint pdf image 


1.476501 
4 40471 17-261634 
od 404768 


fandom vector 012) range map 
Red area is the paf is great than 0 
Black area is the pdfis eqat 0 


E(X1)= 5.3929, Var(X1)= 0.9155, E(X2)= 5.3924, Var(X2)= 0.9156, 
Cov(X1,X2)= -0.2700, X1 and X2 correlation coefficient=-0.2949, 


f(x1), F(x1) Coefficient 
mm nap ae Mathematical Mean: 5.39290 
aor Geometrical Mean : 5.30663 
Harmonic Mean 5.21818 
Variance : 0.91554 
S.D. : 0.95684 
Skewed Coef. 0.19732 
Kurtosis Coef. 3.00183 
4.308385 mt 268088 MAD : 0.76469 
el Range : 9.90640 
Mid_range 6.33320 
Median : 5.36085 
Ql : 4.72725 
Q2 ‘ 5.36085 
Q3 : 6.02380 
IQR : 1.29655 
1.398345 1" an CV. 7 0.17743 
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f(x2), F(x2) Coefficient 
a nen RE Mathematical Mean: 5.39238 
Geometrical Mean : 5.30611 
Harmonic Mean 5.21765 
Variance 0.91561 
S.D. 0.95687 
Skewed Coef. 0.19758 
Kurtosis Coef. 3.00306 
1.470064 ar srde MAD 0.76460 
7 002) Range 9.94360 
Mid_range 6.42345 
Median 5.36050 
Ql 4.72710 
Q2 5.36050 
Q3 6.02305 
: IQR 1.29595 
1.470064 11.376836 C.V. 0.17745 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
ee ney cemeuee Mathematical Mean: 0.00051 
ad Geometrical Mean : none 
Harmonic Mean : none 
Variance 2.37112 
S.D. 1.53985 
Skewed Coef. 0.00034 
Kurtosis Coef. 2.99497 
-8.436592 a106242 MAD 1.22876 
aol Range 17.60805 
Mid_range 0.33482 
Median 0.00065 
Ql -1.03885 
Q2 0.00065 
Q3 1.03945 
IQR : 2.07830 
8.436592 ne C.V. +: none 


(4-3) 2,=0.3, 2,=0.3, 


12503715 


E(X1)= 6.5055, Var(X1)= 1.0903, E(X2)= 6.5020, Var(X2)= 1.0895, 
Cov(X1,X2)= -0.5142, X1 and X2 correlation coefficient=-0.4717. 
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f(x1), F(x1) Coefficient 
ne nen ulstibuion Mathematical Mean: 6.50553 
mL Geometrical Mean : 6.42020 
Harmonic Mean 6.33267 
Variance 1.09033 
S.D. 1.04419 
Skewed Coef. 0.13534 
Kurtosis Coef. 2.97246 
1.915993 tzsi08c? MAD 0.83483 
ra (es Range 10.63400 
Mid_range 7.21330 
Median 6.48165 
Ql 5.78460 
Q2 6.48165 
Q3 7.20050 
7 IQR 1.41590 
1.915993 12,510607 CV. 0.16051 
f(x2), F(x2) Coefficient 
ie ee Mathematical Mean: 6.50195 
Geometrical Mean : 6.41665 
Harmonic Mean 6.32914 
Variance 1.08953 
S.D. 1.04381 
Skewed Coef. 0.13518 
Kurtosis Coef. 2.97065 
1.956159 12 raed MAD 0.83455 
aie” Range 10.56180 
Mid_range 7.21750 
Median 6.47820 
Ql 5.78110 
Q2 6.47820 
Q3 7.19675 
; IQR 1.41565 
1.956159 12.478841 C.V. 0.16054 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
ee eae Mathematical Mean: 0.00357 
tele Geometrical Mean : none 
Harmonic Mean 
Variance 3.20817 
S.D. 1.79114 
Skewed Coef. 0.00035 
Kurtosis Coef. 2.97127 
8.880597 8. 302547 MAD I 43090 
@) Range 17.92955 
ce Mid_range 0.05097 
Median 0.00370 
Ql -1.20865 
Q2 0.00370 
Q3 1.21550 
IQR 2.42415 
a CV. 


-8.880597 8.982547 
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(4-4) A,=0.45, 2,=0.45, 


f(x1,x2) 


F(x1,x2) 


Fandom vector QC <2) 


13,383621 


E(X1)= 7.4115, Var(X1)= 1.2037, E(X2)= 7.4098, Var(X2)= 1.2046, 
Cov(X1,X2)= -0.7712, X1 and X2 correlation coefficient=-0.6405. 


PECIEETS 12597838 


f(x1), F(x1) Coefficient 
a aca Mathematical Mean: 7.41146 
mere Geometrical Mean : 7.32870 
Harmonic Mean 7.24381 
Variance 1.20370 
S.D. 1.09713 
Skewed Coef. 0.08943 
Kurtosis Coef. 2.95914 
2.180936 ea sabia MAD 0.87724 
al Range 11.25165 
Mid_range 7.78592 
Median 7.39510 
Ql 6.65835 
Q2 7.39510 
Q3 8.14665 
: IQR 1.48830 
2.180936 13.390914 C.V. 0.14803 
f(x2), F(x2) Coefficient 
ee new diebuan Mathematical Mean: 7.40983 
sacl Geometrical Mean : 7.32699 
Harmonic Mean 7.24202 
Variance 1.20458 
S.D. 1.09753 
Skewed Coef. 0.08996 
Kurtosis Coef. 2.96035 
2.331164 13. 502698 MAD 0.87745 
0a) Range 11.29330 
ne Mid_range 7.95690 
Median 7.39340 
Ql 6.65660 
Q2 7.39340 
Q3 8.14470 
IQR 1.48810 
2 C.V. 0.14812 


158 


d1=X1-X2, 


Coefficient 


f(d1), F(d1) 


10.139845 


dt) new distribution 
O41 cael 
S\. 
-10.307045, 
F(d1) 
1,00 


-10.307045 


10.139845 


Mathematical Mean: 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 

S.D. 

Skewed Coef. 

Kurtosis Coef. 


: none 


0.00164 


3.95075 
1.98765 
-0.00063 
2.96032 
1.58860 
20.52290 
-0.08360 
0.00160 
-1.34490 
0.00160 
1.34860 
2.69350 


(4-5) 2,=0.1, 


f(x1,x2) 


F(x1,x2) 


Tandom veclor p< ca) 


joint pdfimage 


2.58981 
1.322066 
oo 


random vector (Xt XZ) 
random vector (1.202) range map joint pat image 
Red area is the paf is great than 0 


Black area is the pat is eqal 0 


10761034 


Fandom vector (1,2) 
joint pdfimage 


Foc x2) 


2.589818 
4.322066 
oo 


random vector (<1,2) range map 
Red area is the pafis great than 0 
Black area Is the pdf is egal 0 


joint pafimage 


E(X1)= 5.1797, Var(X1)= 0.8659, E(X2)= 7.6312, Var(X2)= 


1.2239, 
Cov(X1,X2)= -0.4536, X1 and X2 correlation coefficient=-0.4407. 


random vector 01 2) 


10761034 


f(x1), F(x) 


Coefficient 


foc) new distribution 
0.428080 


1.315917 


10.767183 


4 
10.767183 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 

Range 

Mid_range 

Median 

Ql 


5.17968 
5.09479 
5.00778 
0.86587 
0.93052 
0.20776 
3.01049 
0.74344 
9.48640 
6.04155 
5.14705 
4.53190 
5.14705 
5.79210 
1.26020 
0.17965 
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f(x2), F(x2) 


Coefficient 


162) new distribution 


Mathematical Mean: 7.63116 
aa Geometrical Mean : 7.54943 
Harmonic Mean 7.46562 
Variance 1.22393 
S.D. 1.10632 
Skewed Coef. 0.07987 
Kurtosis Coef. 2.95576 
2.582770 anaes MAD 0.88460 
smile Range 10.86485 
Mid_range 7.99507 
Median 7.61610 
Ql 6.87275 
Q2 7.61610 
Q3 8.37330 
IQR 1.50055 
2500710 Taa07a00 CV. 0.14497 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
ae ee Mathematical Mean: -2.45147 
ical Geometrical Mean : none 
Harmonic Mean : none 
Variance : 2.99710 
S.D. 1.73121 
Skewed Coef. 0.03429 
Kurtosis Coef. 2.97707 
-11,091131 Fetes MAD 1.38267 
dal Range 18.34310 
Mid_range -1.95355 
Median -2.46110 
Ql -3.62745 
Q2 -2.46110 
Q3 -1.28645 
IQR : 2.34100 
: CV. : none 


-11,091131 7.184031 
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(5)The joint probability distribution of (x,, x, )’,n=100, 
(5-1) 4,=0.3333, A,=0.3333, 


f(x1,x2) Fal »X2) 


random vector (X12) 
joint pdf image 


21,6952 it 216 74615 
91 883985 45.214615 p.g'-853985 46.214615 


E(X1)= 33.3365, Var(X1)= 5.5602, E(X2)= 33.3325, Var(X2)= 5.5548, 
Cov(X1,X2)= -2.7796, X1 and X2 correlation coefficient=-0.5002. 


f(x1), F(x1) Coefficient 
habe eee Mathematical Mean: 33.33648 
my Geometrical Mean : 33.25278 
Harmonic Mean : 33.16868 
Variance : 5.56019 
S.D. : 2.35800 
Skewed Coef. : 0.05665 
Kurtosis Coef. —: 2.99376 
21.647993 46. Aue MAD : 1 88222 
a i Range : 24.67400 
Mid_range : 33.93930 
Median Hi 33.31460 
Ql : 31.73190 
Q2 : 33.31460 
Q3 : 34.91630 
IQR : 3.18440 
21.647993 46. Tia CV. : 0.07073 
f(x2), F(x2) Coefficient 
‘a nen cleributon Mathematical Mean: 33.33254 
Brea ie Geometrical Mean : 33.24892 
Harmonic Mean : 33.16488 
Variance : 5.55483 
S.D. : 2.35687 
Skewed Coef. ; 0.05658 
Kurtosis Coef. — : 2.99170 
21.678548 77304002 MAD : 1.88133 
ale: Range : 25.81105 
| Mid_range : 34.53627 
Median : 33.31020 
Ql : 31.72855 
Q2 : 33.31020 
Q3 : 34.91185 
IQR : 3.18330 
21.678548 47. oar C.V. : 0.07071 
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d1=X1-X2, 
f(d1), F(d1) 


Coefficient 


fa) new distribution 
o.og7747 


1 
-21.866275 21.913425 
(a1) 


1.00 


a 
-21.866275 21.913425 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 


none 
: none 


: none 


0.00394 


16.67426 
4.08341 
0.00032 

2.99334 
3.25889 

43.94245 
0.02357 
0.00465 
-2.75305 
0.00465 
2.75965 
5.51270 


(5-2) 2,=0.1, 2,=0.1, 


f(x1,x2) 


36656739 


38.856739 


E(X1)= 26.9682, Var(X1)= 4.5775, E(X2)= 26.9591, Var(X2)= 4.5718, 


Cov(X1,X2)= -1.3471, X1 and X2 correlation coefficient=-0.2945. 


f(x1), F(x1) 


Coefficient 


101) new distribution 
0.186742 


16.111708 38.871645 


uf 
16.111705 38.871545 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 


Median 
Ql 

Q2 

Q3 
IQR 
CV. 


26.96821 
26.88307 
26.7975 1 
4.57745 
2.13950 
0.08754 
2.99905 
1.70780 
22.84445 
27.49162 
26.93640 
25.50680 
26.93640 
28.39580 
2.88900 
0.07933 
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f(x2), F(x2) 


Coefficient 


02) Pew dlatnton Mathematical Mean: 26.95906 
mee Geometrical Mean : 26.87400 
Harmonic Mean 26.78852 
Variance 4.57180 
S.D. 2.13818 
Skewed Coef. 0.08787 
Kurtosis Coef. 2.99812 
16.710752 38. rata MAD 1 -10673 
02) Range 21.92520 
re Mid_range 27.63275 
Median 26.92775 
Ql 25.49760 
Q2 26.92775 
Q3 28.38540 
TOR 2.88780 
x2 C.V. 0.07931 
16.710752 38.554748 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
he ee Mathematical Mean: 0.00915 
mea Geometrical Mean : none 
Harmonic Mean : none 
Variance 11.84355 
S.D. 3.44145 
Skewed Coef. -0.00023 
Kurtosis Coef. 2.99789 
-18.477560 Teer MAD 2.74624 
FP bi Range 37.11955 
Mid_range 0.01348 
Median 0.00880 
Ql -2.31305 
Q2 0.00880 
Q3 2.33180 
, IQR : 4.64485 
-18.477560 18.504510 C.V. none 


(5-3) A,=0.3, 2,=0.3, 


f(x1,x2) 


46152555, 


random vector 0(1,2) 
Joint pat image 


is the pdfs great than 0 
is eqalO 


Blac 


E(X1)= 32.5284, Var(X1)= 5.4489, E(X2)= 32.5079, Var(X2)= 5.4434, 
Cov(X1,X2)= -2.5691, X1 and X2 correlation coefficient=-0.4717. 
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f(x1), F(x1) Coefficient 
: ie new tenon Mathematical Mean: 32.52845 
Geometrical Mean : 32.44439 
Harmonic Mean 32.35993 
Variance 5.44889 
S.D. 2.33429 
Skewed Coef. 0.06084 
Kurtosis Coef. 2.99397 
21.243430 46. Acetie MAD 1.86331 
ol Range 25.01800 
Mid_range 33.70610 
Median 32.50480 
Ql 30.93920 
Q2 32.50480 
Q3 34.09210 
‘ IQR 3.15290 
21.243430 46.168770 C.V. 0.07176 
f(x2), F(x2) Coefficient 
‘ie Oe ee Mathematical Mean: 32.50794 
moe Geometrical Mean : 32.42391 
Harmonic Mean 32.33947 
Variance 5.44344 
S.D. 2.33312 
Skewed Coef. 0.05999 
Kurtosis Coef. 2.99436 
20.606907 44 rors MAD 1.86221 
jal Range 24.30390 
Mid_range 32.71385 
Median 32.48495 
Ql 30.91965 
Q2 32.48495 
Q3 34.07035 
IQR 3.15070 
20.606907 44, oe CV. 0.07177 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
‘ai eee Mathematical Mean: 0.02051 
vey Geometrical Mean : none 
Harmonic Mean : none 
Variance : 16.03053 
S.D. 4.00381 
Skewed Coef. 0.00026 
Kurtosis Coef. 2.99384 
-21.190508 Sars MAD 3.19558 
cul Range 42.46655 
Mid_range -0.03588 
Median 0.01965 
Ql -2.68185 
Q2 0.01965 
Q3 2.72280 
IQR 5.40465 
PT =e Cy. 195.24265 
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(5-4) A,=0.45, 2,=0.45, 


f(x1,x2) 


F(x1,x2) 


random vector Q<1,X2) 
Joint pat image 


1068 2) 


24.4568 
34540368 51472431 
od 


random vector 0C1,X2) range map 
fs the pais greatinan 0 


Tandom vector (X12) 
Joint pdf image 


24.4568 
4 540368 
of 


Fandom vector (<1 2) range map 
Red area is the pdf an 0 
Bia 


Fandom vector O¢t x2) 


51472431 


E(X1)= 37.0666, Var(X1)= 6.0207, E(X2)= 37.0442, Var(X2)= 6.0195, 


Cov(X1,X2)= -3.8565, X1 and X2 correlation coefficient=-0.6406. 


f(x1), F(x1) Coefficient 
ha pew cee Mathematical Mean: 37.06658 
saa Geometrical Mean : 36.98506 
Harmonic Mean 36.90315 
Variance 6.02069 
S.D. 2.45371 
Skewed Coef. 0.03971 
Kurtosis Coef. 2.99081 
24,522825 51 aea7s MAD 1 95864 
ale Range 27.06740 
Mid_range 38.00640 
Median 37.05070 
Ql 35.40085 
Q2 37.05070 
Q3 38.71435 
IQR 3.31350 
24,522825 61 — CY. 0.06620 
f(x2), F(x2) Coefficient 
Hi nee Mathematical Mean: 37.04415 
see Geometrical Mean : 36.96260 
Harmonic Mean 36.88065 
Variance 6.01948 
S.D. 2.45346 
Skewed Coef. 0.03938 
Kurtosis Coef. 2.99251 
24 aT 50. 187020 MAD 1.95841 
he Range 25.74220 
Mid_range 37.26360 
Median 37.02860 
Ql 35.37860 
Q2 37.02860 
Q3 38.69225 
IQR 3.31365 
24.440171 50. ae C.V. 0.06623 
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d1=X1-X2, 


f(d1), F(d1) Coefficient 
; me eee Mathematical Mean: 0.02243 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 19.75308 
S.D. 4.44444 
Skewed Coef. -0.00006 
Kurtosis Coef. 2.99165 
-22.660446 Taen748 MAD 3.54749 
oe ( Range 46.65800 
Mid_range 0.58215 
Median 0.02305 
Ql -2.97850 
Q2 0.02305 
Q3 3.02250 
IQR 6.00100 
-22.660446 ae CV. 198.15876 
(5-5) 4,=0.1, 4,=0.5, 
(x1, ~) 


F OCI X2) 


37 100248 


random vector O¢1 22) 
Joint pdrimage 


joint pat image 


random vector (1,2) 


37100248 


E(X1)= 25.9058, Var(X1)= 4.3309, EXD= 38.1510, Var(X2)= 6.1142, 


Cov(X1,X2)= -2.2661, X1 and X2 correlation coefficient=-0.4404. 


f(x1), F(x1) 


Coefficient 


new distribution 


16.992160 37. 2H 3990 


a 
1 


16.992160 37113990 


Mathematical Mean: 
Geometrical Mean : 
Harmonic Mean 
Variance 

S.D. 

Skewed Coef. 
Kurtosis Coef. 
MAD 

Range 

Mid_range 

Median 


25.90585 
25.82200 
25.73775 
4.33086 
2.08107 
0.09273 
3.00341 
1.66080 
21.20035 
26.55307 
25.87360 
24.48425 
25.87360 
27.29215 
2.80790 
0.08033 
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f(x2), F(x2) Coefficient 
- it ‘eee Mathematical Mean: 38.15104 
Geometrical Mean : 38.07061 
Harmonic Mean 37.98979 
Variance 6.11417 
S.D. 2.47268 
Skewed Coef. 0.03589 
Kurtosis Coef. 2.99116 
25.602071 S061 79 MAD 1.97393 
seile Range 26.82245 
Mid_range 38.96362 
Median 38.13615 
Ql 36.47300 
Q2 38.13615 
Q3 39.81295 
IQR 3.33995 
25.602071 Saat CV. 0.06481 
d1=X1-X2, 
f(d1), F(d1) Coefficient 
ha nee iene Mathematical Mean: -12.24519 
0.103243 * 
Geometrical Mean : none 
Harmonic Mean : none 
Variance 14.97714 
S.D. 3.87003 
Skewed Coef. 0.01508 
Kurtosis Coef. 2.99573 
-32.347806 ane MAD 3.08860 
a Range 41.11760 
7 Mid_range -11.86515 
Median -12.25385 
Ql -14.86285 
Q2 -12.25385 
Q3 -9.63860 
IQR : 5.22425 
a CV. : none 


-32.347806 8.617506 
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(6)The joint probability distribution of (x,, x, )’,n=1,000, 
(6-1) 4,=0.1, 2,=0.05, 


f(x1,x2) Fl x2) 


4 
| 


393.134480 
393.138840 


E(X1)= 276.1432, Var(X1)= 47.2775, E(X2)= 238.1263, Var(X2)= 39.5156, 
Cov(X1,X2)= -11.2082, X1 and X2 correlation coefficient=-0.2593. 


f(x1), F(x1) Coefficient 
aad ie new dleriwaan Mathematical Mean: 276.14323 
Geometrical Mean : 276.05760 
Harmonic Mean 275.97194 
Variance 47.27754 
S.D. 6.87587 
Skewed Coef. 0.02999 
Kurtosis Coef. 3.00141 
239,611748 Sr ei MAD 5.48638 
PP Range 73.84405 
| Mid_range 276.39702 
Median 276.10955 
Ql 271.48585 
Q2 276.10955 
Q3 280.76335 
IQR 9.27750 
239.611748 aire CV. 0.02490 
f(x2), F(x2) Coefficient 
oe pena Mathematical Mean: 238.12634 
wey, Geometrical Mean : 238.04335 
Harmonic Mean 237.9603 1 
Variance 39.51559 
S.D. 6.28614 
Skewed Coef. 0.03196 
Kurtosis Coef. 3.00072 
203.116072 Be ine MAD 5.01585 
i Range 72.45300 
a Mid_range 239.20840 
Median 238.09265 
Ql 233.86725 
Q2 238.09265 
Q3 242.34780 
IQR 8.48055 
203.116072 oe ae CV. 0.02640 


d1=X1-X2, 


f(d1), F(d1) Coefficient 
sss th ee Mathematical Mean: 38.01689 
Geometrical Mean : none 
Harmonic Mean : none 
Variance : 109.20962 
S.D. : 10.45034 
Skewed Coef. : 0.00316 
Kurtosis Coef. — : 2.99959 
-16.060737 cree MAD e 8.33813 
om he Range : 110.22125 
Mid_range : 38.84577 
Median i 38.01360 
Ql : 30.96235 
Q2 : 38.01360 
Q3 : 45.06290 
‘ IQR : 14.10055 
-16.060737 93.752287 CV. A 0.27489 


(6-2) A,=0.4, 2,=0.4, 


f(x1,x2) 


og12191515 303,429135 393.420135 


random vector (Xt X2) 
random vector 01 2) range map Joint pat image 


andar 
Joint pat image 


Black area is the pais ed 


E(X1)= 351.6462, Var(X1)= 57.8745, E(X2)= 351.7337, Var(X2)= 57.9124, 
Cov(X1,X2)= -32.8920, X1 and X2 correlation coefficient=-0.5681. 


f(x1), F(x1) Coefficient 
feet) ew aeuton Mathematical Mean: 351.64623 
ag Geometrical Mean : 351.56391 
Harmonic Mean : 351.48154 
Variance : 57.87447 
S.D. : 7.60753 
Skewed Coef. : 0.01491 
Kurtosis Coef. — : 3.00100 
312138596 7a 482054 MAD : 6.06956 
ail’ Range : 81.64585 
Mid_range : 352.81032 
Median : 351.62825 
Ql : 346.50525 
Q2 : 351.62825 
Q3 : 356.76475 
IQR : 10.25950 
312138596 Sei C.V. : 0.02163 
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f(x2), F(x2) Coefficient 
0.0524 I. pci Mathematical Mean: 351.73371 
Geometrical Mean : 351.65135 
Harmonic Mean 351.56896 
Variance 57.91240 
S.D. 7.61002 
Skewed Coef. 0.01448 
Kurtosis Coef. 2.99717 
El spss cher MAD 6.07242 
1.00 Range 81.62780 
Mid_range 351.71350 
Median 351.71620 
Ql 346.58965 
Q2 351.71620 
Q3 356.85650 
es IQR 10.26685 
311,050763 392.376237 C.V. 0.02164 
d1l=X1-X2, 
f(d1), F(d1) Coefficient 
i ae Mathematical Mean: -0.08748 
a Geometrical Mean : none 
Harmonic Mean : none 
Variance 181.57090 
S.D. 13.47482 
Skewed Coef. -0.00091 
Kurtosis Coef. 2.99825 
-74.292859 ae MAD 10.75 132 
) Range 145.66020 
ae Mid_range -1.73250 
Median -0.08725 
Ql -9.17590 
Q2 -0.08725 
Q3 8.99960 
IQR : 18.17550 
a C.V. : none 


-74.292859 70.827859 
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